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Abstract 

Optical frequency comb spectroscopy (OFCS) combines two previously 
exclusive features, i.e., wide optical bandwidth and high spectral resolution, 
enabling precise measurements of entire molecular bands and simultaneous 
monitoring of multiple gas species in a short measurement time. Moreover, 
the equidistant mode structure of frequency combs enables efficient coupling 
of the comb power to enhancement resonant cavities, yielding high detection 
sensitivities. Different broadband detection methods have been developed to 
exploit the full potential of frequency combs in spectroscopy, based either on 
Fourier transform spectroscopy or on dispersive elements.  

There have been two main aims of the research presented in this thesis. 
The first has been to improve the performance of mechanical Fourier 
transform spectrometers (FTS) based on frequency combs in terms of 
sensitivity, resolution and spectral coverage. In pursuit of this aim, we have 
developed a new spectroscopic technique, so-called noise-immune cavity-
enhanced optical frequency comb spectroscopy (NICE-OFCS), and achieved 
a shot-noise-limited sensitivity and low ppb (parts-per-billion, 10−9) CO2 

concentration detection limit in the near-infrared range using commercially 
available components. We have also realized a novel method for acquisition 
and analysis of comb-based FTS spectra, a so-called sub-nominal resolution 
method, which provides ultra-high spectral resolution and frequency 
accuracy (both in kHz range, limited only by the stability of the comb) over 
the broadband spectral range of the frequency comb. Finally, we have 
developed an optical parametric oscillator generating a frequency comb in 
the mid-infrared range, where the strongest ro-vibrational molecular 
absorption lines reside. Using this mid-infrared comb and an FTS, we have 
demonstrated, for the first time, comb spectroscopy above 5 μm, measured 
broadband spectra of several species and reached low ppb detection limits 
for CH4, NO and CO in 1 s.  

The second aim has been more application-oriented, focused on frequency 
comb spectroscopy in combustion environments and under atmospheric 
conditions for fast and sensitive multispecies detection. We have 
demonstrated, for the first time, cavity-enhanced optical frequency comb 
spectroscopy in a flame, detected broadband high temperature H2O and OH 
spectra using the FTS in the near-infrared range and showed the potential of 
the technique for flame thermometry. For applications demanding a short 
measurement time and high sensitivity under atmospheric pressure 
conditions, we have implemented continuous-filtering Vernier spectroscopy, 
a dispersion-based spectroscopic technique, for the first time in the mid-
infrared range. The spectrometer was sensitive, fast, robust, and capable of 
multispecies detection with 2 ppb detection limit for CH4 in 25 ms.  
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Sammanfattning 

Optisk frekvenskamspektroskopi (OFCS) kombinerar två tidigare icke 
förenliga egenskaper, dvs. ett brett optiskt frekvensområde med en hög 
spektral upplösning, vilket möjliggör noggranna mätningar av hela 
molekylära absorptionsband och detektion av flera gaser samtidigt med en 
kort mättid. Eftersom frekvenskammar har en regelbunden struktur med 
jämnt separerade laser moder kan man effektivt koppla kammen till en 
optisk kavitet och därmed möjliggöra frekvenskamsdetektion med hög 
känslighet. Olika metoder har utvecklats för att utnyttja frekvenskammarnas 
fulla potential för spektroskopi, baserad på antingen Fouriertransform-
spektroskopi eller dispersiva element. 

Forskningen som presenteras i denna avhandling har haft två huvudmål. 
Det första har varit att förbättra prestandan hos mekaniska Fourier-
transformspektrometrar (FTS) baserat på frekvenskammar med avseende på 
känslighet, upplösning och spektral täckning. I strävan efter detta har vi 
utvecklat en ny spektroskopisk teknik, benämnd brusimmun 
kavitetsförstärkt optisk frekvenskamspektroskopi (NICE-OFCS), och 
uppnått en hagelbrusbegränsad känslighet och detektionsgränser ner till 
låga ppb koncentrationer (miljarddelar, 10−9) för CO2 i det när-infraröda 
frekvensområdet enbart med användning av kommersiellt tillgängliga 
komponenter. Vi har också utvecklat en ny metod för insamling och analys 
av kambaserade FTS-spektra, som betecknas ha sub-nominell upplösning. 
Metoden gör det möjligt att uppnå ultrahög spektral upplösning och hög 
frekvensnoggrannhet (båda i kHz-området, endast begränsad av kammens 
stabilitet) över kammens hela frekvensområde. Slutligen har vi utvecklat en 
optisk parametrisk oscillator som genererar en frekvenskam i det mid-
infraröda frekvensområdet, där de starkaste rotations-vibrationsmolekylära 
absorptionslinjerna finns. Med hjälp av denna kam och en FTS har vi för 
första gången demonstrerat frekvenskamspektroskopi över 5 μm. Vi har 
detekterat bredbandsspektra av flera molekylära gaser och har, för mättider 
på 1 s, uppnått detektionsgränser ner till låga ppb halter för CH4, NO och CO. 

Det andra syftet har varit mer applikationsorienterat: att använda 
frekvenskamspektroskopi i förbränningsmiljö och under atmosfäriska 
förhållanden för snabb och känslig multiämnesdetektion. Vi har för första 
gången demonstrerat kavitetsförstärkt optisk frekvenskamspektroskopi i en 
flamma, där vi har detekterat högtemperaturspektra av H2O och OH i det 
när-infraröda området med användning av FTS och visat teknikens potential 
för termometrisk karakterisering av flammor. För applikationer som kräver 
en kort mättid och hög känslighet under atmosfäriska förhållanden har vi 
utvecklat ett detektionssystem baserat på Vernier-spektroskopi med 
kontinuerlig filtrering, vilket är en dispersionsbaserad teknik, för första 



ix 

gången i det mid-infraröda frekvensområdet. Det befanns att spektrometern 
var känslig, snabb, robust och kapabel till multiämnesdetektion med en 
detektionsgräns på 2 ppb för CH4 för korta mättider (25 ms)  
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1. Introduction 

1.1. Absorption spectroscopy 

Spectroscopy is the science of studying the interaction of electromagnetic 
waves and matter. Based on the nature of the interaction (i.e. absorption, 
emission, scattering, etc.) different spectra can be retrieved and used to 
study the properties of the matter under test (usually called the sample). The 
focus of this thesis is on absorption spectroscopy of molecules in the gas 
phase. In absorption spectroscopy the absorbed intensity of the 
electromagnetic waves in terms of the frequency or wavelength is studied, 
which basically depends on the atomic/molecular structure of the sample. 
The absorption frequencies of a sample match the difference between the 
energies of two quantum mechanical states of the atoms or molecules in the 
sample. These discrete absorption features are called absorption lines and 
the representation of different absorption lines in terms of the 
frequency/wavelength yields an absorption spectrum. The history of 
absorption spectroscopy goes back more than two hundred years. In 1814 
Joseph Von Fraunhofer invented the grating spectroscope, discovering 
hundreds of “dark lines” in the spectrum of the sunlight, which were later 
shown to be atomic absorption lines. 

 
Figure 1.1. Joseph von Fraunhofer (1787–1826) demonstrating the 
spectroscope to his colleagues. (Photogravure from a painting by Richard 
Wimmer) 

Since then, absorption spectroscopy has become an important tool to 
study atomic structure, from establishing empirical relations (e.g. Rydberg 
formula for hydrogen) to the development of new theories (e.g. Rutherford–
Bohr model). It contributed extensively to the formulation of quantum 
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mechanics by providing experimental evidence for the atomic/molecular 
structure.  

For several decades the only available sources for spectroscopy were 
broadband, incoherent light sources. In 1960’s the invention of the laser [1] 
revolutionized the field of spectroscopy. This coherent light source with high 
spectral brightness provided the means for measuring a precise absorption 
spectrum for different atomic and molecular transitions with high detection 
sensitivity and selectivity. Shortly thereafter, tunable laser sources and 
especially tunable diode lasers became commercially available which boosted 
the development of the absorption spectroscopy technique.  

Different methods and techniques, from wavelength modulation 
spectroscopy (WMS) [2, 3] and frequency modulation spectroscopy (FMS) 
[4] to cavity-enhanced spectroscopy [5] were developed to further improve 
the performance of the absorption spectroscopy. In addition, the 
improvements in the manufacturing of solid state and semiconductor lasers 
as well as photodiodes and photodetectors in different spectral ranges made 
the laser spectrometers more accessible, convenient and robust, paving the 
way to vast spectroscopy applications from chemistry and atmospheric 
studies to biology, security, surveillance and industry (for some examples see 
chapters 10 and 11 of [6]). 

According to the Lambert-Beer law [6], which describes the principle of 
absorption spectroscopy, the intensity of an electromagnetic wave close to 
resonance with an atomic or molecular transition decreases exponentially 
with the interaction length. The exponent is also proportional to the 
transition line strength and the density of the absorbing atoms/molecules. 
Therefore, by increasing the interaction length (e.g. using multipass cells [7, 
8] or enhancement resonance cavities [5]), switching to strong absorption 
lines (e.g. choosing a proper wavelength range for a specific atom/molecule) 
and/or using noise reduction methods (e.g. modulation techniques) one can 
increase the sensitivity of the spectrometer and detect smaller absorption 
features. Note that strong absorption lines of atoms/molecules due to their 
electronic transitions lie in the ultraviolet (UV) and visible wavelength 
ranges while the strongest molecular absorption lines due to the ro-
vibrational transitions are usually in mid-infrared (MIR) range with 
overtones in the near-infrared (NIR) range. The focus of this thesis is on 
absorption spectroscopy of molecular ro-vibrational transitions. 

As for any other measurement instrument, the noise level in the system 
limits the sensitivity of a spectrometer. The dominant noise in direct 
absorption spectroscopy is the relative intensity noise (RIN) of the light 
source, since any fluctuations/noise on the intensity directly translates into 
noise in the spectrum. The intensity noise and also the mechanical noise 
from the environment are usually inversely proportional to the frequency. 
This type of noise is therefore often called the 1/f (or flicker) noise. By 
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modulating the light beam and demodulating it electronically after the 
detection, one can efficiently remove a substantial part of the 1/f noise, a 
principle used in techniques such as WMS and FMS. Combing the 
modulation with enhancement cavities further increases the sensitivity of the 
spectrometer; for instance one of the most sensitive laser absorption 
spectroscopy techniques so far, called noise-immune cavity-enhanced optical 
heterodyne molecular spectroscopy (NICE-OHMS) [9], combines frequency 
modulation with an enhancement cavity.  

In addition to the sensitivity; resolution, spectral bandwidth, and the 
measurement time of the spectroscopic techniques play a major role in 
different applications. The resolution or spectral resolution of a 
spectrometer is defined as the minimum wavenumber, wavelength or 
frequency difference between two absorption lines in a spectrum that can be 
distinguished. The bandwidth or spectral bandwidth of a spectrometer is 
defined as the full width at half maximum (FWHM) of the wavenumber, 
wavelength or frequency range that the retrieved absorption spectrum 
covers. The spectrometer can detect multiple species if its spectral 
bandwidth is large enough to cover the absorption lines of more than one 
type of species.  

Using lasers instead of broadband incoherent sources for absorption 
spectroscopy, the spectral resolution is drastically improved and the 
measurement time decreases; however the spectral bandwidth is reduced 
since the tunability of continuous-wave (cw) lasers is much smaller than the 
bandwidth of broadband incoherent sources. This directly limits the 
multispecies detection potential of laser-based spectrometers. On the other 
hand, spectrometers based on conventional incoherent broadband sources 
(lamps and thermal sources) have a broad spectral bandwidth but they offer 
less sensitivity due to their low spectral brightness. Light-emitting diodes 
(LEDs) can provide higher brightness, but they have a narrower bandwidth 
and are only available in specific wavelength ranges. Spatially coherent 
broadband sources (i.e. super-continua) usually yield a high spectral 
brightness (comparable to that of a cw laser) but they suffer from high RIN 
due to noise amplification in the nonlinear broadening process [10], limiting 
the sensitivity of the spectrometer. In addition, all of the broadband sources 
provide lower spectral resolution than cw lasers and the spectrometers based 
on the broadband sources usually need longer measurement times. 
Considering all of these limitations, the question was: Is there a way to have 
a broad spectral bandwidth, high spectral resolution, and high sensitivity 
with a short measurement time simultaneously?  
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1.2. Optical frequency combs and their application in 
spectroscopy 

In 1990’s optical frequency combs (OFC) were generated from the mode-
locked ultrafast lasers and changed the general exclusive nature of the 
spectral resolution and bandwidth in a broadband source [11]. 
Mathematically, the spectrum of an OFC is basically similar to a Dirac comb. 
It consists of hundreds of thousands of narrow modes (providing a high 
spectral resolution) separated equidistantly in frequency space (providing a 
broad spectral bandwidth). The frequency of each mode (νn) is governed only 
by two RF frequencies, the repetition rate (frep) and the offset frequency (f0) 
such that νn = nfrep + f0, in which n is a large positive integer number (~105-
106) representing the nth comb mode. Thus by stabilizing these two 
frequencies the frequencies of all comb modes are stabilized [12].  

          
Figure 1.2. John L. Hall (left) and Theodor W. Hänsch (right), laureates of the 
Nobel Prize in physics 2005 “for their contributions to the development of 
laser-based precision spectroscopy, including the optical frequency comb 
technique”. (J. L. Hall photo by Larry Harwood, University of Colorado; T.W. 
Hänsch photo by Jan Pitman, Getty Images) 

OFCs revolutionized numerous research fields. The first impact was on the 
precision time and frequency metrology, where OFCs provided a direct link 
between the radio/microwave frequency and optical frequency domains [12-
14]. They did not only provide a way to directly count the optical cycles [15, 
16] and compare the different optical standards [15, 17], but also offered a 
new tool for frequency transfer [18, 19]. Other exciting applications emerged 
in a short time: from precision spectroscopy [20] and optical signal 
processing [21] to coherent control of the quantum states of cold 
atoms/molecules [22], precise control of photoassociation and chemical 
reactions [23], and generating phase stable attosecond laser pulses [24]. 
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OFCs have also been used as an excellent calibration tool for astronomical 
spectrographs [25, 26] and their higher accuracy and precision led to major 
improvements in the determination of fundamental constants [27, 28]. The 
Nobel Prize in Physics 2005 was awarded to the pioneers in the development 
of the OFCs, John L. Hall [29] and Theodor W. Hänsch [30] “for their 
contributions to the development of laser-based precision spectroscopy, 
including the optical frequency comb technique”. 

In spectroscopy, OFCs were first used as rulers for frequency calibration 
of spectra recorded with cw lasers [13], providing unprecedented calibration 
capabilities. Later on, a stabilized OFC was used directly as the light source 
for spectroscopy in a technique called direct frequency comb spectroscopy 
(DFCS) probing two-photon transitions [31, 32], where a precision scan of 
frep was used to yield a serial recording of high resolution spectral features. 
The equidistant structure of the modes of an OFC in the frequency domain 
resembles the periodic structure of a resonance cavity which enables efficient 
coupling of (roughly) the entire power and bandwidth of the OFC to an 
enhancement cavity in so-called cavity-enhanced optical frequency comb 
spectroscopy (CE-OFCS) [33]. The first cavity-enhanced absorption 
spectroscopy using a femtosecond mode-locked laser was shown in [34] were 
a low-resolution C2H2 spectrum was retrieved over a narrow part of the 
spectral span of the comb. A broadband, low resolution cavity ring-down 
spectroscopy (CRDS) method using an OFC was shown next, without 
resolving the individual comb modes but addressing multiple absorption 
lines of three different species (H2O, O2, and NH3) [35]. The first spectrum 
with resolved comb modes was shown afterward with a direct-absorption 
optical frequency comb spectroscopy (OFCS) technique, utilizing a 2D 
dispersive detection method [36]. Other realizations of frequency comb 
spectroscopy with different detection techniques such as Fourier transform 
spectroscopy [37], dual-comb spectroscopy [38], and Vernier spectroscopy 
[39] were shown shortly after. The potential of OFCS in various practical 
applications, such as environmental and atmospheric research [40-42], 
breath analysis [43, 44], and industry [45], was demonstrated in the 
following  years.  

The OFCs generated by the mode-locked lasers are limited to the visible 
and NIR ranges, restricting the early demonstrations of comb spectroscopy 
to these wavelength ranges. However, as mentioned earlier, the strongest 
absorption lines due to the ro-vibrational transitions of most of the 
molecules reside in the MIR range, the so-called fingerprint region. Suitable 
MIR combs for spectroscopy are achieved using nonlinear conversion 
methods like optical parametric oscillator (OPO) [46] or difference 
frequency generation (DFG) [47]. 
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1.3. Broadband detection systems  

The rise of the OFCs as a broadband yet high resolution light source 
improved the performance of the traditional broadband detection systems. 
The two widely used broadband detection systems for spectroscopy by 
conventional broadband sources have been Fourier transform spectrometers 
(FTS) and dispersive methods e.g. using diffraction gratings.  

1.3.1. Fourier transform spectrometers 

Fourier transform spectrometers [48] were developed in the 1950’s and 
have been widely used in the infrared range utilizing incoherent light 
sources. They have become the standard broadband molecular 
spectrometers in the infrared range to the point that they are also known as 
Fourier transform infrared (FTIR) spectrometers. They are generally based 
on a Michelson interferometer with a variable optical path difference (OPD), 
usually implemented by a moving mirror, and a photodetector. The time 
domain interferogram is recorded while the OPD is scanned and the Fourier 
transform (FT) of the interferogram yields the spectrum. The resolution of 
the spectrum is limited by the maximum scanning range of the OPD, yielding 
the so-called nominal resolution of the spectrometer. Using incoherent light 
sources for FTS yields a trade-off between sensitivity, spectral resolution and 
measurement time. Longer scanning range of the OPD results in a higher 
spectral resolution at the cost of a longer measurement time. Higher 
sensitivity is achieved by longer averaging, which also increases the 
measurement time [48]. Generally, FTS provides a high spectral coverage in 
the detection system that makes it advantageous to be used with high/ultra-
high bandwidth sources.  

The first demonstration of OFCS based on an FTS was shown in [37, 49] 
using a Cr4+:YAG femtosecond mode-locked laser emitting in 1.55 μm region 
for detection of C2H2 and CO2 in a (multipass) cell. Compared to 
conventional broadband sources, the higher spectral brightness of the OFC 
directly increases the signal-to-noise ratio (SNR) of the retrieved 
interferogram, yielding better detection sensitivity in a shorter measurement 
time. Later on CE-OFCS was shown with an FTS [50] using a Ti:Sapphire 
femtosecond mode-locked laser emitting in 760 nm region for detection of 
O2. The first FTS-based OFCS in the MIR range was shown in [40] using a 
multipass cell and in [44] with an enhancement cavity, both based on an 
OPO pumped by a Yb:fiber femtosecond mode-locked laser and a 
periodically poled lithium niobate (PPLN) crystal generating 300 nm 
bandwidth comb tunable in the 2.8-4.8 μm range, illustrating multispecies 
detection and low detection limits for several species. However, the spectral 
range in all of the OFCS demonstrations with FTS has been limited to below 
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5 μm, due to the limitation of the used nonlinear crystals, and the resolution 
has been limited by the maximum scanning range of the OPD. 

To transmit all of the comb modes through the cavity modes in the FTS-
based CE-OFCS, the comb modes need to be stabilized to the centers of the 
cavity modes. This process is usually done by actively locking the comb to the 
cavity [44, 51]; however, any residual fluctuations between the comb modes 
and the cavity modes cause an intensity noise in the cavity transmission (in 
addition to the RIN of the OFC) due to the so-called frequency-to-amplitude 
noise conversion. RIN in OFCs is not as large as in supercontinuum sources 
but the frequency-to-amplitude converted noise drastically increases the 
intensity noise of the OFC after transmission through the cavity.  

The intensity noise in the FTS can be reduced by balanced detection. In 
balanced detection the configuration of the simple Michelson interferometer 
is slightly changed to make both outputs of the interferometer (each 
consisting of two interfering beams) available on two separate 
photodetectors. Since the two outputs are completely out of phase, also the 
interferograms recorded by the two photodetectors are out of phase, while 
the intensity noise is common on both beams and appears with the same 
sign on the two outputs of the photodetectors. Therefore by subtracting the 
two signals the interferogram is doubled, while the intensity noise is 
canceled out. The performance of the balanced detection depends on the 
“balancing” of the two signals before the subtraction, which can be obtained 
in the optical domain by equalizing the intensity on the two photodetectors 
or in the electronics, by equalizing the voltage of the two signals before the 
subtraction. Due to the OPD scan and other fluctuations and drifts in the 
FTS, the balancing can change in a single measurement (or in a longer term) 
causing an intensity/voltage mismatch between the two beams/signals and 
as a result inefficient noise cancelation. To deal with this issue an auto-
balanced detection [52] scheme has been shown in an FTS-based CE-OFCS, 
in which the two signals are kept in perfect balanced automatically, using an 
electronic feedback loop. Therefore, the sensitivity of the spectrometer was 
increased drastically, shown to be only limited by the fundamental shot-
noise level [53]; however, the auto-balanced detectors are not available 
commercially for all wavelength ranges and also their noise reduction 
efficiency strongly depends on the design of the electronics.  

1.3.2. Grating-based spectrometers 

Grating-based spectrometers are among the first developed broadband 
detection systems. A simple detection system consists of a diffraction grating 
and a detection system based on a detector array or a single photodetector. 
The detector array enables parallel recording of the spectrum while the 
single photodetector acquires the spectrum sequentially. For the single 
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detector case, the grating is usually mounted on a rotating stage to image 
different part of the dispersed spectrum on the photodetector. A grating-
based spectrometer is usually simpler, faster and more compact than the 
FTS, but it provides lower spectral resolution.   

The coarse resolution of the conventional diffraction gratings (orders of 
magnitude coarser than the typical repetition rates of the comb sources) 
prevents them from exploiting the full potential of the optical frequency 
combs for spectroscopy [35]. Therefore, they are usually combined with 
additional dispersive and/or filtering methods to increase the spectral 
resolution. In the double dispersive methods, another dispersive component 
(usually a virtually imaged phased array, VIPA) is used to disperse the OFC 
in a direction perpendicular to the dispersion of the grating [36]. Therefore, 
the resolution of the spectrometer increases drastically compared to a single 
dispersive grating. This technique can resolve individual comb modes [36] 
and also utilize an enhancement cavity to increase the sensitivity [33]; 
however, it needs a camera for detection since the spectrum is imaged in a 
2D space. The camera is costly, especially in the MIR wavelength range. In 
addition, image processing is needed to recover the absorption spectrum 
from the captured 2D images, complicating the analysis.  

In another approach, an external cavity is used to filter the comb and 
transmit just a single comb mode or several isolated comb modes with a 
spectral separation coarser that the resolution of the diffraction grating. 
Single transmitted comb mode can be detected by a single photodetector 
[33], while several isolated comb modes can be resolved by a grating and 
detected by a camera [39]. The spectrum is acquired by scanning the length 
of the filtering cavity and therefore sweeping the filtered comb mode(s) 
across the available bandwidth of the OFC. This technique is capable of 
resolving individual comb modes and due to the resemblance of the filtering 
method to a Vernier scale it is called Vernier spectroscopy [39]. The filtering 
cavity in this technique can also be used as an enhancement cavity and 
increase the sensitivity of the spectrometer. However, due to the heavy 
filtering of the comb, most of the OFC power is lost and the technique needs 
a high power OFC source to reach an acceptable SNR on the detection 
system. In addition, the OFC and the filtering cavity should be well 
stabilized; otherwise any residual frequency jitter is converted to amplitude 
noise and degrades the sensitivity of the system. In a new approach to the 
Vernier spectroscopy, so-called continuous-filtering Vernier spectroscopy 
(CF-VS) [54], instead of transmitting isolated comb modes through the 
filtering cavity, groups of several comb modes called Vernier orders are 
transmitted through the cavity. This new coupling method utilizes more 
power of the OFC source and in addition relaxes the requirement of 
stabilization of the comb and the cavity due to the inherent noise immunity 
of the technique [55]. Although in this technique the ability of resolving the 
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comb modes is lost, its short measurement time, medium to high spectral 
resolution, and high sensitivity with a rather compact and robust detection 
system (using a photodetector instead of a camera), makes it attractive for 
multispecies trace gas detection. The first implementation of this technique 
was in the NIR range [54, 55]; however, the full potential of the technique in 
molecular spectroscopy is unleashed in the MIR range. 

1.4. Aims of the thesis  

There have been two main aims of the research presented in this thesis. 
The first has been to improve the performance of the mechanical Fourier 
transform spectrometer (FTS) based on frequency combs in terms of 
sensitivity, resolution and spectral coverage. In pursuit of this aim, we 
developed a new spectroscopic technique, so-called noise-immune cavity-
enhanced optical frequency comb spectroscopy (NICE-OFCS), and achieved 
shot-noise-limited sensitivity and low ppb detection limits for CO2 in the 
near-infrared range using commercially available components. We also 
realized a novel method for acquisition and analyzing the comb-based FTS 
spectra, a so-called sub-nominal resolution method, which allows obtaining 
ultra-high spectral resolution and frequency accuracy (both in kHz range and 
only limited by the stability of the comb) over the broadband spectral range 
of the frequency comb. Finally, we developed an optical parametric oscillator 
generating a frequency comb in the mid-infrared range, where the strongest 
ro-vibrational molecular absorption lines reside. Using this mid-infrared 
comb and an FTS, we demonstrated, for the first time, comb spectroscopy 
above 5 μm and obtained broadband spectra of several species reaching low 
ppb detection limits for CH4, NO and CO in 1 s.  

The second aim has been more application-oriented: to use frequency 
comb spectroscopy in combustion environment and in atmospheric 
conditions for fast and sensitive multispecies detection. We demonstrated, 
for the first time, cavity-enhanced optical frequency comb spectroscopy in a 
flame, detecting broadband high temperature H2O and OH spectra using the 
FTS in the near-infrared range and showed the potential of the technique for 
flame thermometry. For applications demanding a short measurement time 
and high sensitivity under the atmospheric conditions, we demonstrated 
continuous-filtering Vernier spectroscopy for the first time in the mid-
infrared range. The spectrometer was sensitive, fast, robust, and capable of 
multispecies detection with 2 ppb detection limit for CH4 in 25 ms. 

1.5. Introduction to the publications 

As it was mentioned earlier, shot-noise-limited sensitivity of FTS-based 
CE-OFCS was shown in the NIR range using an auto-balanced detector. 
However, these detectors are not available commercially for all wavelength 
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ranges and most of the commercially available FTS systems provide just one 
output of the interferometer. Therefore, we developed a new FTS-based CE-
OFCS technique that can reach shot-noise-limited sensitivity using just one 
output of the interferometer and a single commercial photodetector. We 
adopted the noise immunity idea from the cw laser-based spectroscopic 
technique of NICE-OHMS [9] and implemented it into the FTS-based CE-
OFCS. We developed a new technique of optical frequency comb 
spectroscopy that combined cavity enhancement with frequency modulation 
(FM) to obtain immunity to frequency-to-amplitude noise conversion by the 
cavity modes, yielding close to shot-noise-limited absorption sensitivity in 
detection of CO2 over a broad spectral range of the OFC (Er:fiber comb 
around 1.55 μm). We named the new technique “noise-immune cavity-
enhanced optical frequency comb spectroscopy” (NICE-OFCS) to match to 
the name of its cw laser counterpart. The first demonstration of this 
technique is presented in paper I.  In this paper, we also discussed the novel 
effects that the combination of frequency modulation of the OFC, the 
enhancement cavity and the FTS gives rise to. In paper III we presented a 
more detailed theoretical description of the NICE-OFCS technique, 
improved the short and long term stability of the system, and retrieved 
quantitate concentration of the absorber (CO2) using multiline fitting 
method. In paper VII we presented a thorough analysis of the signal line 
shapes of NICE-OFCS and developed two models: a full model of the signals 
and a simplified analytical absorption-like model for a fast but less accurate 
computation of the absorption lines.  

In contrast to FTS systems based on conventional broadband sources, in 
comb-based FTS the time-domain interferogram consists of a series of bursts 
appearing at OPDs equal to integer multiples of c/frep (where c is the speed of 
light) instead of a single center burst when the OPD is zero. Thus, individual 
comb modes of the OFC can be seen by acquiring interferograms with 
multiple bursts [56, 57]; however, the resolution of the FTS has always been 
believed to be limited by the maximum OPD (the nominal resolution). In 
paper IV we showed that it is possible to retrieve broadband molecular 
spectra (entire 3ν1+ν3 band of CO2 using the Er:fiber comb) with lines 
narrower than this OPD limited resolution using comb-based FTS. We 
demonstrated that by precisely matching the maximum OPD of the FTS to 
the comb mode spacing, it is possible to measure the intensities of the 
individual comb modes precisely. This method allows measurements of 
undistorted high-resolution spectra with acquisition time and interferometer 
length reduced by orders of magnitude – compared to the FTS systems based 
on conventional broadband sources – and with a frequency scale accuracy 
given by the comb. We later called this new method, FTS with sub-nominal 
resolution. In paper VIII we provided a full theoretical description of the 
sub-nominal resolution method and described in detail the experimental and 
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numerical steps needed to retrieve precise molecular spectra from a single-
burst interferogram. We investigated the precision and accuracy of line 
parameters retrieved from CO2 absorption lines measured (using the Er:fiber 
comb) by this method. We observed and quantified collisional narrowing 
effects on the absorption line shapes, for the first time with a comb-based 
spectroscopic technique. This opens up for a broadband, ultra-high 
resolution, precision spectroscopy using a regular FTS and an OFC source. In 
paper X we used the sub-nominal resolution method (with Er:fiber comb) 
to directly characterize the resonance modes of a high finesse cavity in a 
broad spectral range and with kHz level resolution. The cavity resonance 
modes with mode-width of ~250 kHz were characterized, which are the 
narrowest spectral feature ever measured with direct frequency comb 
spectroscopy other than the comb modes themselves. Using the frequency of 
the resonance modes, we retrieved the broadband dispersion and group 
delay dispersion (GDD) of the cavity mirrors and N2 gas sample inside the 
cavity for the entire frequency span of the OFC source. We also measured the 
dispersion induced by the entire 3ν1+ν3 band of CO2 transitions.  

We used CE-OFCS based on the Er:fiber comb and the FTS equipped with 
an auto-balanced detector based on the available design [53], for 
spectroscopy of H2O in an atmospheric flat flame presented in paper II. 
This was the first demonstration of fast, high resolution, and broadband 
spectroscopy in combustion environment using cavity-enhanced comb 
spectroscopy and also a technical improvement in the stabilization of the 
comb to an enhancement cavity for absorption spectroscopy in a harsh 
environment. It also opened up the possibility of real-time multispecies 
detection in combustion environments, broadband and high resolution 
spectroscopy of high temperature water, and flame thermometry. Later on 
we demonstrated the detection of the OH radical in the flame using the same 
system, presented in the paper VI, and retrieved the relative variation of 
OH concentration and flame temperature in terms of the height of the beam 
above the burner and compared it to the simulations of the flame conditions.  

To perform OFCS in the fingerprint region, we developed a MIR doubly 
resonant optical parametric oscillator (DROPO), similar to [58], pumped by 
a Tm:fiber femtosecond laser and based on an orientation patterned gallium 
arsenide (OP-GaAs) crystal, which simultaneously reached 3-3.4 μm and 
4.6-5.4 μm by the signal and idler. Using an FTS and a multipass cell we 
employed the new source for simultaneous spectroscopy in these two ranges, 
detecting CH4, NO, CO, CO2, and H2O; reaching a few part per billion (ppb) 
detection limits in 1 s for most of the species. The results are presented in 
paper V, where the comb-based spectroscopy above 5 μm was 
demonstrated for the first time.  

In paper V, we also implemented continuous-filtering Vernier 
spectroscopy (CF-VS) in the MIR range for the first time, for applications in 
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which a short measurement time and a compact detection system are more 
important than high spectral resolution and highly precise absolute 
frequency calibration provided by an FTS. In the first demonstration, we 
measured the Vernier spectrum of the lab atmosphere in the signal range of 
the DROPO, detecting CH4 and H2O simultaneously. We followed this up in 
paper IX by improving the performance, stability and precision of the 
system. We implemented frequency calibration and retrieved concentrations 
of the absorbers using multiline fitting. We achieved 2 ppb detection limit for 
CH4 in 25 ms, demonstrating the viability of the CF-VS in MIR for fast trace 
gas detection.  

1.6. Outline of the thesis 

Part I (the chapters 2-4) of this thesis presents the main concepts and 
basic knowledge needed for understanding of the rest of the thesis. Chapter 2 
briefly describes the optical frequency combs, comb sources and comb 
stabilization techniques; chapter 3 outlines the basics of absorption 
spectroscopy, line shapes and broadenings; and chapter 4 focuses on the 
multipass cells and optical cavities, with more details on the properties and 
parameters of the cavities, spatial mode-matching to a cavity and 
transmission function in the presence of a molecular transition.  

Part II (the chapters 5-9) describes the concepts, theories, modeling, and 
general implementations of the methods and techniques presented in this 
thesis. Chapter 5 provides the basic concepts of the comb-cavity matching 
schemes for the different spectroscopic techniques presented in the following 
chapters. Chapter 6 presents the comb-based Fourier transform 
spectroscopy, starting with the principle of operation and going through the 
description of the sub-nominal resolution method and cavity-enhanced 
comb-based FTS. Chapters 7 and 8 are devoted to the theory, modeling and 
general implementation of the noise-immune cavity-enhanced optical 
frequency comb spectroscopy and continuous-filtering Vernier spectroscopy. 
Chapter 9 provides a discussion on the absorption sensitivity and detection 
limits of different spectrometers and techniques.  

Part III (the chapters 10-15) is dedicated to the experimental setups, 
procedures and measurements. Chapter 10 presents an overview of the sub-
systems and procedures used in the NIR experiments presented in the three 
following chapters. Chapter 11 describes the FTS-based CE-OFCS in a flame, 
demonstrating the high temperature H2O and OH spectra as well as flame 
thermometry. Chapter 12 is dedicated to FTS with sub-nominal resolution 
for measurement of cavity enhanced molecular spectra and broadband 
characterization of the cavity modes. Chapter 13 presents the NICE-OFCS 
technique. Chapter 14 describes the development of the MIR DROPO and 
FTS-based OFCS in the signal and idler wavelength ranges of the DROPO 
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using a multipass cell. Finally, chapter 15 presents the MIR CF-VS in the 
signal wavelength range of the DROPO.   

The thesis ends with part IV, which consists of the conclusions and 
outlook in chapter 16 and a summary of the papers in chapter 17. 
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2. Optical frequency combs  

In this chapter the optical frequency combs are discussed. First the basic 
terms of the OFCs are defined and the general equations governing the OFCs 
are presented. Different OFC sources are discussed next with emphasis on 
the comb sources that are useful for spectroscopy. Finally, the general 
methods and techniques for stabilization of the OFCs based on mode-locked 
lasers are presented. It should be noticed that in this thesis the terms OFC, 
comb and frequency comb are used interchangeably due to the context, all 
referring to the optical frequency comb.  

2.1. Time and frequency domain representation 

In the time domain the electric field of an OFC consists of a series of 
repetitive coherent pulses produced by a femtosecond laser, as shown in 
Figure 2.1 (a). The repetition period of the pulses, τrep, is determined by the 
cavity length of the femtosecond laser and defined as the time between two 
consecutive pulses. It is usually in the few nanosecond range while the pulse 
duration is in the several tens or few hundreds of femtosecond range. The 
carrier-envelope-phase of these pulses, 𝜙𝜙ce, changes for consecutive pulses 
by a constant value of Δ𝜙𝜙ce. This phase offset originates from the fact that the 
phase and group velocities of the light inside the femtosecond laser cavity are 
dissimilar due to the dispersion and is equal to [11]  
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where Lc is the roundtrip length of the cavity, ωc is the carrier frequency, vg is 
the group velocity, and vp is the phase velocity.  

The spectrum of the OFC in the frequency domain is shown in Figure 2.1 
(b). It consists of thousands of equidistant narrow modes, whose separation 
is given by the repetition rate of the laser, frep, which is equal to the inverse of 
the repetition period, frep = 1/τrep. The entire comb set has an offset from an 
exact integer multiple of frep by the carrier-envelope-offset frequency, f0 (or 
fceo), originating from the pulse-to-pulse carrier-envelope phase shift [11], 
Δ𝜙𝜙ce, 
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 As a result, the frequency of the nth line of a frequency comb, νn, is given by 

 0n repnf fn = + ,  (2.3) 
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where n is usually in the order of 105-106 (for an OFC originating from a 
femtosecond mode-locked laser). The frequency of each comb mode can be 
found by measuring frep and f0 and controlled by adjusting these two radio 
frequencies. The width of each comb mode (also known as comb line or 
comb tooth) depends on the stability of these two RF frequencies. 

 
Figure 2.1. (a) Time and (b) frequency representation of an optical frequency 
comb.   

2.2. Comb sources 

OFCs can be generated by various laser sources that can be categorized 
into three groups: mode-locked lasers, indirect comb sources, and cw-laser 
based comb sources. In this section these sources and their properties are 
briefly discussed. 

2.2.1. Mode-locked lasers 

Mode-locked lasers produce an OFC directly at their output. The most 
common mode-locked laser sources for comb spectroscopy are 
(femtosecond) Ti:sapphire laser, Yb:fiber laser, Er:fiber laser, and Tm:fiber 
laser.  

The first fully stabilized comb was based on a Ti:sapphire laser [12, 20]. 
These comb sources are made using free space components and are not 
highly robust; however they are still used directly for spectroscopy due to 
their extremely broad bandwidth (~0.70-1.05 μm).  
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In general fiber-based comb sources are more robust than the free space 
comb sources, since the laser cavity is (mostly) in a fiber and the laser can be 
to a large part made of in-fiber components. Yb:fiber lasers [59] generate 
combs in the ~1.0-1.1 μm range, Er:fiber lasers [60] in ~1.5-1.6 μm, and 
Tm:fiber lasers [61] in ~1.9-2.1 μm range. Since the Er:fiber generated comb 
is around 1.55 μm, which is the main telecommunication wavelength, they 
use the mature and easily accessible technologies of optical communications 
and are therefore relatively inexpensive. In addition, their direct spectrum 
covers overtone bands of C2H2 and combination bands of H2O, CO and CO2, 
which makes them attractive for spectroscopy. The Yb:fiber and Tm:fiber 
lasers are usually used for making indirect OFC sources and reaching longer 
wavelengths [58, 62].  

Since a broad spectral bandwidth is always desired for multi-species 
detection, one can stretch the spectrum of the mode-locked lasers using 
highly nonlinear fibers (HNFs) [63] or photonic crystal fibers (PCFs) [64] to 
increase the spectral bandwidth. However the low efficiency of the nonlinear 
process in the fiber and the broader bandwidth results in a lower power per 
comb mode, usually decreasing the detection sensitivity of the spectroscopy. 
Thus, the trade-off between the bandwidth and sensitivity should be 
considered for each specific application.  

2.2.2. Indirect sources 

Indirect sources use nonlinear optical processes to shift the spectrum of 
the direct OFC sources to the wavelengths that are important for 
spectroscopy and no mode-locked laser sources (direct output or after 
spectral broadening) can reach. The most common nonlinear processes used 
for making indirect comb sources for spectroscopy are second harmonic 
generation (SHG) [65] and high harmonic generation (HHG) [66] for 
frequency up-conversion, along with optical parametric oscillator (OPO) [67] 
and difference frequency generation (DFG) [47] for frequency down-
conversion. SHG and HHG are usually used to reach the UV range where the 
electronic transitions reside, while OPO and DFG are used to reach the MIR 
region where the fundamental molecular vibration modes lie.   

2.2.3. Cw-laser based comb sources 

Cw-laser based comb sources use nonlinear optical processes in micro-
resonators [68, 69] or different modulators [70, 71] to generate multiple 
sidebands from a cw laser and construct a comb. These comb sources can be 
quite compact; however the generated OFC usually provides a very narrow 
bandwidth and has a high repetition rate. In the recent years fast 
development of these comb sources, especially in the MIR range using 
quantum cascade lasers (QCLs) [72, 73], clearly proves the potential of these 
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sources to be used in a new generation of portable and cheap comb based 
spectrometers. Their performance in spectroscopy is still much worse than 
the mode-locked lasers (direct or indirect), but is improving quickly [74].   

2.3. Stabilization of the combs based on mode-locked lasers 

The frequency stabilization of the comb modes is generally achieved via 
precise control of the frep and f0. To control these two RF frequencies, they 
should be measured continuously in the system. Measurement of frep is 
straightforward. Using a high bandwidth photodetector (with a hundreds of 
MHz to a few GHz electrical bandwidth), one can directly acquire the 
repetition rate.  

Measuring f0 is more challenging, since there is no direct way to acquire it. 
The most common way to measure the offset frequency of the comb is via an 
interferometric technique called f-2f beating [12] shown in Figure 2.2. This 
technique requires that the OFC spectrum spans an octave in frequency, i.e., 
the highest frequencies are a factor of two larger than the lowest frequencies. 
Thus, doubling the frequency of the nth comb mode in the low-frequency side 
(e.g. by SHG) generates a second harmonic component around the frequency 
of the 2nth comb mode in the high-frequency side of the comb. The 
heterodyne beat between these two groups of comb modes will be  

 2 0 0 02 2 2( )n n rep repnf f nf f fn n− = + − + = ,  (2.4) 

which is exactly what we were looking for. This method is called self-
referencing as well since it does not use any other external light source to 
measure the f0, and the comb is referenced to itself. For the OFC sources 
whose direct spectrum does not cover an octave, one can use HNFs or PCFs 
to broaden the comb spectrum.  

 
Figure 2.2. Detection of the offset frequency by f-2f beating (self-referencing)  

In mode-locked lasers, there is usually (at least) one actuator for changing 
frep and f0. To change the frep, one of the mirrors in the laser cavity is 
mounted on a piezo electric transducer (PZT) to directly change the length 
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(and thus the free spectral range) of the cavity and as a result the repetition 
rate of the laser. In some lasers, a special design is used to increase the 
bandwidth of the PZT actuators to ~100 kHz [75]. Some others, especially 
Er:fiber femtosecond lasers, use an in-fiber electro-optic modulator (EOM) 
as a second transducer (changing the length via changing the intracavity 
refractive index) that offers a very high bandwidth (up to 900 kHz) but small 
amplitude [76, 77].  

There are two general ways to change the f0 in mode-locked lasers. First by 
directly changing the dispersion of the laser cavity using a dispersive 
component (e.g. prisms [12], or wedge plates [78]), and second by changing 
the intensity of the cw laser pumping the mode-locked lasers [60], with the 
latter providing much higher bandwidth but smaller amplitude.  

2.3.1. Stabilization in the radio frequency domain  

The OFC generated by a mode-locked laser can be stabilized in the radio 
frequency domain by locking both frep and f0 to a stabilized RF frequency 
(usually referenced to a clock). Both frep 

and f0 are mixed with the reference 
frequency in the electrical domain and the beat-notes are low-pass-filtered to 
yield the corresponding error signals. The error signals are sent to 
proportional-integral-derivative (PID) controllers to produce proper 
correction signals. Finally each correction signal is fed back to the 
corresponding actuator(s) and the entire OFC is stabilized to the reference 
RF frequency. In this method, f0 and frep are as stable as the reference, but 
the comb modes still have a quite large linewidth. This is due to the large 
value of the positive integer number, n, multiplied by frep to reach the optical 
domain. Typical 106 value of n, means that the absolute frequency stability of 
the comb modes is 6 orders of magnitude worse than the stability of frep. For 
instance, assuming a reference relative stability of 10-9 yields 0.1 Hz absolute 
stability of the repetition rate for a typical value of frep = 100 MHz. Therefore, 
the linewidth of the comb modes is calculated to be as wide as 100 kHz in 
optical domain.   

2.3.2. Stabilization in the optical domain 

To achieve narrower comb linewidth, the OFC should be stabilized in the 
optical domain. This is performed by phase locking one comb mode to a 
stable (or stabilized) cw laser. In this method, the comb spectrum is 
dispersed and interfered with a stable and narrow linewidth cw laser. The 
interference is measured by a photodetector and the heterodyne signal is 
mixed with the reference RF frequency. The beat note is low-pass-filtered 
yielding the error signal, and the correction signal is fed to the frep actuator(s) 
using a PID controller. f0 is stabilized directly in the RF domain (the same 
way as explained in the previous section). Assuming the same relative 
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stability of 10-9 for the reference RF frequency yields a 0.1 Hz stabilization in 
the optical domain due to f0 locking. Usually the linewidth of the stable cw 
laser is higher than this value (a few hundred Hz to few kHz range), 
therefore, the linewidth of the comb modes will be equal to the linewidth of 
the stable cw laser.  
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3. Absorption spectroscopy  

In gas-phase molecular absorption spectroscopy the attenuation of the 
electromagnetic wave due to its interaction with a sample, also called 
absorber or analyte, is measured as a function of frequency or wavelength. 
The sample absorbs the radiation if the energy of the photons matches any 
quantum mechanical energy difference in the molecular structure and the 
absorption strength depends on the concentration of the absorber. The 
variation in the absorption strength as a function of frequency or wavelength 
yields the absorption spectrum. In addition to the molecular structure and 
the concentration of the absorber, the width and shape of the absorption 
lines as well as their center frequency depend on several environmental 
parameters such as the temperature, the pressure, and the intensity of the 
interacting radiation.   

In this chapter, the general equations governing the absorption of light are 
discussed and the different absorption line shapes and most important 
broadenings are presented and formulated.  

3.1. Lambert-Beer law 

Figure 3.1 shows a simple direct absorption spectrometer consisting of a 
laser source, a sample in the gas phase, and a photodetector.  

  
Figure 3.1. A simple direct laser absorption spectrometer. The light generated 
by the laser source is partially absorbed by the sample and the transmitted 
intensity is recorded by a photodetector.  

According to the Lambert-Beer law the frequency dependent transmitted 
light intensity through the sample, TI 2(W m ) , is [6] 

 ( ) ( )
0

L
TI I e α nn −= ,   (3.1) 

where n  is the optical frequency of the monochromatic light (Hz), I0 is the 
incident intensity of the beam on the sample, ( )α n  is the frequency 
dependent absorption coefficient (or absorbance) 1(cm )− of the sample, and L 
is the interaction length between the light and the sample (cm). Therefore, 
the intensity of the transmitted light close to the resonance with a molecular 
transition is exponentially attenuated. The absorption coefficient is 
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proportional to the absorption strength and the overall interaction length. It 
is often defined as 

 ( )  ( )absS Nα n χ n= , (3.2) 

where S  is the integrated molecular line strength 1 2- -cm /molecule/cm( ) , N 
is the population density (or number density) of the absorber 

3-(molecules/cm ) , and ( )absχ n  is the area normalized absorption lineshape 
function (cm). 

In gas-phase molecular absorption spectroscopy it is more convenient to 
relate the absorbance to the sample pressure and relative concentration of 
the absorbing gas. Therefore, considering the ideal gas law, A A v Bp V n k T= , 
where Ap  is the pressure of the absorber gas (Pa), AV  is the volume of the 
gas 3(cm ) , vn  is the number of molecules in the volume AV , 

23 11 381 10. (JK )Bk − −≈ ×  is the Boltzmann constant relating temperature and 
energy, and T is the absolute temperature of the gas (K); one can write 

 0 0

0 0

v A A

A B B

n p Tp pN
V k T k T p T

= = = × × ,  (3.3) 

where 0 273 15 0.  K  ( )CT = °=  and 0 1 101 325 760atm . kPa Torrp = = =  are the 
standard temperature and pressure (STP). Using the Loschmidt constant 

0( )n  which is defined as  

 19 30
0

0
2 686 10. (molecules/cm )

B

p
n

k T
= ≈ × , (3.4) 

one can write 

   0
0

0

A
rel

TpSN Sn S p c
p T

= × = , (3.5) 

where relc  is the relative concentration of the absorber, p is the total 
pressure of the sample (atm) , and S is the integrated gas line strength 

2(cm / atm)−  defined as 

 


0 0

0

Sn T
S

p T
= × . (3.6) 

Notice that the product of A relp p c=  is the partial pressure of the absorber 
in the gas sample (atm). The absorbance can be written in terms of the 
integrated gas line strength, the relative concentration of the absorber, and 
the total pressure of the sample as  

 ( ) ( )abs
relS pcα n χ n= . (3.7) 
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The absorbance can be calculated from the incident and transmitted light 
intensities and the interaction length 

 ( ) ( )
01

ln
T

I
L I

α n
n

= , (3.8) 

hence, if the integrated gas line strength of the absorber and the total 
pressure of the sample are known, the relative concentration of the absorber 
can be calculated.  

The relative absorption is defined as 0Δ ( )/I In , where 0Δ ( ) ( )TI I In n= −  is 
the intensity change due to the absorption. In the limit of small absorption

1[ ( ) ]Lα n  , one can Taylor expand the exponential function in Eq. (3.1) and 
write 

 ( ) ( )0 1TI I Ln α n ≈ −  ,  (3.9) 

therefore 

 
( ) ( )
0

ΔI
L

I
n

α n≈ . (3.10) 

In other words, in the weak absorption limit the relative absorption of the 
light is proportional to the product of the absorbance and the interaction 
length. Another useful entity is the on resonance absorption coefficient

0 0( )α α n= , defined as the absorption coefficient at the center frequency of 
the absorption line, 0n , which can be written as 

 

0 0 0
abs abs

relS N S pcα χ χ= = ,  (3.11) 

where 0 0( )abs absχ χ n= , is the maximum (on resonance) value of the area 
normalized absorption lineshape function.  

3.2. Absorption line shapes and broadenings 

In the previous section the general equations governing the strength of the 
absorption were described. In this section the different lineshape functions 
and their corresponding broadening mechanisms are discussed.  

The energy difference of the two quantum levels that are engaged in an 
absorption process dictate the center frequency of the transition, 0n . 
Fundamentally, the finite lifetime of the transition, tt (in s), yields an 
uncertainty for this frequency. This uncertainty constitutes a Lorentzian 
frequency distribution with a half width at half maximum (HWHM) of 

1 2/N tΓ pt= (in Hz), called natural linewidth, around the transition center 
frequency and the process is called natural line broadening [6]. Since the 
lifetimes of the molecular states in gas phase are typically in the millisecond 
range, the natural linewidth is in kHz range. This broadening is much 
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smaller than the two major broadening mechanisms in gas-phase molecular 
absorption spectroscopy in thermal equilibrium at low to atmospheric 
pressures: Doppler broadening and collision broadening. 

3.2.1. Doppler broadening  

The gas-phase molecules in thermal equilibrium can move freely in all 
directions. Due to the Doppler effect the molecules with velocity component 
in the same direction as the laser beam propagates observe red shifts in the 
frequency, while the molecules with velocity component in the opposite 
direction observe blue shifts. The strength of these shifts depends on the 
velocity component of the molecules in the direction of the beam. This leads 
to a different Doppler shift of the center frequency of the transition for each 
group of the molecules with the same velocity component in the direction of 
the beam. Therefore a laser beam can only interact with a specific group of 
molecules within the thermal distribution leading to an inhomogeneous 
broadening of the transition, called Doppler broadening. The Doppler 
broadening is modeled using an area normalized Gaussian profile, ( )abs

Dχ n , 
as [6] 

 ( )

2
0

2
2

ln Dabs
D

D

c e
n n
Γχ n

p Γ

 −
−  
 =  , (3.12) 

where c is the speed of light in vacuum and DΓ  is the HWHM of the 
Doppler profile, given by 

 70
0

22 7 16 10ln .B
D

k T T
c m m
nΓ n−= ≈ × , (3.13) 

where 0n  is the center frequency of the absorption line, Bk  is the Boltzmann 
constant, T is the temperature and m is the mass of the molecule. 

3.2.2. Collision broadening 

Since gas-phase molecules in thermal equilibrium can move freely in all 
directions, they collide with each other, which shortens the lifetime of the 
states. Shorter lifetime of a state yields a broader Lorentzian frequency 
distribution around the center transition frequency compared to the natural 
linewidth, referred to as collision broadening. Since the number of collisions 
is directly proportional to the sample pressure, this broadening is also 
known as pressure broadening. The collision broadening is a homogeneous 
broadening, due to the fact that all of the molecules experience the same 
pressure and as a result the same collision rate. The collisions that cause the 
broadening can be between individual absorber molecules or between 
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absorber molecules and molecules of another species in the sample. In 
addition to the broadening of the linewidth, the collisions shift the center 
frequency of the transitions due to the repulsive (positive shift) or attractive 
(negative shift) interaction. The natural and collision broadening are 
modeled together using an area normalized Lorentzian profile, ( )abs

Lχ n , as 
[6] 

 ( )
( )2 2

0 Δ
abs L
L

C L

c Γχ n
p n n n Γ

=
− − +

,  (3.14) 

where LΓ  is the half width at half maximum (HWHM) of the Lorentzian 
profile and Δ Cn  is the frequency shift of the absorption line due to the 
collisions. LΓ  is given by 

 L N AA A Aj j
j

p pΓ Γ β β= + +∑ ,  (3.15) 

where NΓ  is the natural linewidth, AAβ is the pressure (collision) 
broadening coefficient due to collisions between the absorber molecules, also 
called self-broadening, Ajβ is the pressure (collision) broadening coefficient 
due to collisions between the absorber molecules and jth gas molecules, and 

jp  is the partial pressure of the jth gas. The pressure broadening coefficients 
are given by 

 
22Aj Aj

Aj Bk T
β σ

pµ
= ,  (3.16) 

where Ajσ  is the cross section of the collisions between the absorber 
molecules and jth gas molecules and [ /( )]Aj A j A jm m m mµ = +  is the 
reduced mass of the absorber and jth gas molecules. Notice that j can be 
equal to A  to represent the self-broadening [6]. 

The frequency shift of the absorption line due to the collisions is given by 

 Δ S
C Aj j

j
pn β=∑ ,  (3.17) 

where S
Ajβ is the pressure induced frequency shift coefficient due to the 

collisions between the absorber molecules and jth gas (including the 
absorber) molecules.   

3.2.3. Voigt profile 

In general, the lineshape function of the absorption lines is a combination 
of the two main broadening processes. As long as the homogeneous and the 
inhomogeneous broadening mechanisms are uncorrelated the combined 



 

28 

response is well modeled by a Voigt profile (VP), ( )abs
Vχ n , which is a 

convolution of the Gaussian and Lorentzian profiles 

 ( ) ( ) ( )abs abs abs
V D L dχ n χ n χ n n n′ ′ ′= −∫ .  (3.18) 

The Voigt profile does not have an analytical closed-form solution and is 
calculated numerically using the error function [79].  

3.2.4. Higher order effects   

In precision spectroscopy some discrepancies are observed between the 
measured spectrum and an absorption lineshape modeled using a Voigt 
profile. This is due to the higher order narrowing/broadening effects that are 
not taken into account in the Voigt profile, like Dicke narrowing [80] and 
speed-dependent effects [81].  

The numerical modeling of the absorption lines in all of the publications 
included in this thesis are based on the Voigt profile except paper VIII 
where also a more precise speed-dependent Voigt profile (SDVP) model is 
used. In the Voigt formalism the velocity-shifted Lorentzian profile is 
assumed to be the same for all velocity groups. However, since the relaxation 
rate of the molecules has a velocity dependence, different velocity groups do 
not have exactly the same Lorentzian width. As a result the Lorentzian 
profile becomes velocity-dependent based on a Maxwell-Boltzmann 
distribution, where the effect is stronger for larger velocities. This 
phenomenon narrows the width of the Lorentzian contribution of the Voigt 
profile and it is therefore referred to as speed-dependent effects (SDEs) [81]. 
The most common model that accounts for SDEs is the so-called speed-
dependent Voigt profile [82]. For a more detailed discussion and derivation 
of the profile see [83]. 

3.3. Influence of the molecular transition on the electric 
field  

The previous section described the effect of the absorber on the intensity 
of the light; in this section the effect of the molecular transition on the 
electric field is briefly discussed.  

When the light passes through an absorber the transmitted electric field, 
E ( )T n , is attenuated and phase shifted 

  ( ) 

( ) ( )
0E E i L

T e δ n φ nn  − − = ,  (3.19) 

where ( )δ n  is the attenuation and ( )φ n  is the phase shift of the incident 
electric field, 0E , due to the molecular transition. The attenuation and phase 
shift of the transmitted electric field can be related to the area normalized 
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absorption line shape function ( )absχ n , and its corresponding dispersion 
counterpart ( )disχ n , according to 

 ( ) ( )
2

absrelS pcδ n χ n=   (3.20) 

and 

 ( ) ( )
2

disrelS pc
φ n χ n= .  (3.21) 

The absorption and dispersion line shape functions are connected to each 
other according to the Kramers-Kronig’s relations. It should be noticed that

2( ) ( )α n δ n= . Detailed calculation of the different dispersion lineshape 
functions can be found in [79].  
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4. Multipass cells and resonant cavities 

Multipass cells and enhancement (resonance) cavities are usually used to 
increase the interaction length between the light and the sample, and thus, 
increase the absorption sensitivity of the spectrometer. In this chapter a brief 
introduction to multipass cells is presented, followed by a more detailed 
discussion about resonant cavities. Specifically, electric field and intensity 
transmission functions of the cavity, the finesse, cavity dispersion, and 
spatial mode-matching to the cavity are addressed.  

4.1. Multipass cell 

Multipass cells increase the interaction length of the light and the sample, 
by multiple reflection of the light so that it passes through the sample several 
times.  The multipass cells can be made in a linear (e.g. White cell [7] and 
Herriott cell [8]) or circular [84] configuration. Linear cells are more 
common and usually made of two or three highly reflective (metallic) 
concave mirrors. The input beam is sent into the cell off-axis (i.e. with an 
angle compared to the axis of the cell) through a hole in one of the mirrors. 
The output beam can be either coupled out through the same hole at a 
different angle or from the other side of the cell through a second hole. 
Multipass cell needs a careful alignment of the input beam to retrieve the 
output beam after the correct maximum number of passes specified by the 
cell design. This usually implies a pre-alignment using a visible laser beam to 
obtain a specific beam reflection pattern on the mirrors of the cell. The actual 
laser beam used for spectroscopy, which is not necessarily in the visible 
range, should be completely collinear with the laser beam used for pre-
alignment. Usually a convex lens is recommended in front of the cell to yield 
a beam waist in the center of the cell and avoid output beam convergence. 
The volumes of the multipass cells are usually higher than the optical 
cavities, since they use larger mirrors. 

The effective interaction length in a multipass cell is equal to the number 
of passes multiplied by the length of the cell and can be between a few 
meters to few hundreds of meters. It is constant and independent of the 
wavelength of the laser. The useful maximum effective interaction length for 
absorption spectroscopy strongly depends on the reflection coefficient of the 
mirrors for the working wavelength, since the interaction length increases 
linearly with the number of passes, but the intensity of the light decreases by 
the power of number of passes (reflections), limiting the achievable SNR. For 
instance, assuming a typical reflection coefficients of 0.99 for the metallic 
mirrors; 100 passes result in an interaction length that is 100 times the 
distance between the mirrors and 0.36 of the incident intensity is 
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transmitted, while for the case with 1000 passes the corresponding numbers 
are 103 and 4.3×10-5, respectively.   

4.2. Resonant cavity 

The other alternative for increasing the interaction length is an external 
optical resonant cavity (or resonator) that is usually called enhancement 
cavity. Generally, resonant cavities are an essential part of lasers, and can 
also be found in the nonlinear conversion processes, such as optical 
parametric oscillators (OPOs). They come in different types (linear or ring) 
and configurations (e.g. V-shape, bow-tie, etc.). 

4.2.1. General properties of a Fabry-Perot cavity 

 For a general discussion let us assume a linear Fabry-Perot cavity [5] as is 
shown in Figure 4.1 (a).  

  
Figure 4.1. (a) Schematic of a Fabry-Perot cavity, consisting of two concave 
mirrors separated by L. (b) Three consecutive modes in the cavity transmission 

The cavity consists of two concave mirrors separated by L and the index 
of refraction of the intracavity medium is rn . Each mirror has a 
transmission, reflection, and loss coefficient (all defined for the intensity of 
light) of it , ir , and il , respectively, and 1i i it r l+ + = . The incident, 
reflected, and transmitted optical intensities are shown by 0I , rI , and tI , 
while the incident, reflected, and transmitted electric fields are denoted by 
0E , Er , and Et , respectively. The intracavity intensity is denoted by cI . 

When a multiple integer, q, of the wavelength of the incident light, 0λ , is 
equal to the round-trip optical length of the cavity, 0 2 rq n Lλ = , the multiple 
reflected waves from the cavity mirrors interfere constructively. Due to 
constructive interference, the electric field builds a standing wave inside the 
cavity between the two mirrors. This leads to a buildup of a high intracavity 
intensity, Ic, and an effective interaction length that is longer than the 
physical length of the cavity, L. The corresponding cavity resonant 
frequency, qn , is 

 
2q

r

qc
n L

n = .   (4.1) 
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The spacing between two consecutive resonance frequencies is called the free 
spectral range (FSR) of the cavity and given by 

 
2 r

cFSR
n L

= .  (4.2) 

A small fraction of the intracavity electric field leaks out through the cavity 
mirrors at each round trip. The constructive interference of these leaked 
electric fields at each cavity resonance frequency, qn , yields a repetitive 
structure in the transmitted intensity known as the cavity modes shown in 
Figure 4.1 (b).  

The cavity transmission function of the electric field,  ( )c
T n , defined as 

 ( )  ( ) ( )0E E
c

t Tn n n= , can be shown to be [79] 

  ( )
( )

( )

2
1 2

1 21

/i
c

i

t t e
T

r r e

ϕ n

ϕ n
n

−

−
=

−
,  (4.3) 

where ( )ϕ n  is the round-trip phase shift of the cavity given by 

 ( ) 4 rn L
c

pnϕ n = . (4.4) 

Notice that at the resonant frequencies, qn , the round trip phase is a multiple 
of 2p , or 2( )q qϕ n p= . The cavity transmission function of the intensity, 

( )cT n , defined as the ratio of the transmitted to incident intensity, 

0( ) ( )/ ( )c
tT I In n n= , in the frequency domain is given by an Airy function 

[79], 

 ( )

( )
21 2

2
1 2

4
1

1
sin

c
c resT

T
r r

FSRr r

n
pn

=
 +  
 −

, (4.5) 

where c
resT is the on resonance cavity transmission given by 

 
( )

1 2
2

1 21

c
res

t tT
r r

=
−

 . (4.6) 

The FWHM of the cavity modes (or the cavity mode-width), cΓ , can be 
calculated from (4.5), by setting ( )2 1 2/ / /c c

q c resT Tn Γ+ = and is equal to 

 
( )1 2

4
1 2

1
c

r r FSR

r r
Γ

p

−
≈ ,  (4.7) 

where the width of the cavity modes is assumed to be much smaller than the 
FSR of the cavity, c FSRΓ  . 
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The finesse of the cavity, F , is defined as the FSR of the cavity divided by 
the cavity mode-width, and therefore given by 

 
4

1 2

1 21c

r rFSRF
r r

p
Γ

= =
−

.  (4.8) 

Using the definition of finesse one can rewrite the cavity transmission 
function as  

 ( ) 2
221 sin

c
c resT

T
F

FSR

n
pn

p

=
   +    
   

.  (4.9) 

It should be noticed that for a pair of identical lossless mirrors, 1c
resT = .  In 

addition, the decay time of the intracavity intensity, cavt , can be calculated 
in terms of the finesse and FSR as 

 
1

2 2cav
c

F
FSR

t
p pΓ

= = .  (4.10) 

4.2.2. Transmission functions in the vicinity of molecular 
transitions  

In the presence of an absorber in the cavity, the transmission function of 
the electric field changes. The molecular absorption attenuates the 
amplitude of the field and the molecular dispersion shifts the phase of the 
field, yielding [79] 

  ( )
( ) ( ) ( )

( ) ( ) ( )

2
1 2

2 2
1 21

/i L i L
c
A i L i L

t t e e
T

r r e e

ϕ n δ n φ n

ϕ n δ n φ n
n

− − −

− − −
=

−
,  (4.11) 

where ( )δ n is the attenuation and ( )φ n  is the phase shift of the electric field 
due to the absorber given by Eqs. (3.20) and (3.21). Calculating the intensity 
of the transmitted light through the cavity,  

0
*

( ) ( ) ( )
c c
A AtI I T Tn n n= , on a 

resonant frequency where  2( )q qϕ n p=  yields 
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2
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L
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δ n δ n
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−

− −
=

 + −  
.  (4.12) 

Since we know the transmitted intensity on resonance in an empty cavity is 
0

0
c

t resI I T= using Eq. (4.6), one can write 

 ( ) ( ) ( )

( ) ( ) ( )

2 20
1 2

0 4 2
1 2 1 2

1
1
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L
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r r eI I
I r r e r r e L

δ n

δ n δ n

n

φ n

−

− −

−−
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. (4.13) 
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Assuming a cavity with high finesse, i.e. with 1ir ≈ , and using series 
expansion for small attenuation and dispersion values yields 

 
( ) ( ) ( )

0
1 2

0
1 2

2 22 2
1

t t

t

I I r r FL L
I r r

n
δ n δ n

p
−

≈ ≈
−

.  (4.14) 

Comparing Eq. (4.14) with Eq. (3.10) and since 2( ) ( )α n δ n= , the effective 
interaction length in a high finesse cavity compared to a simple absorption 
cell with an equal physical length is enhanced by a factor of 2F/π. It should 
be noticed that the enhancement value is calculated with the assumption of 
light beam being completely in resonance with the cavity.  

4.2.3. Frequency dependence of cavity parameters  

In practice, several parameters of the cavity (such as FSR, mode-width, 
and finesse) depend on the frequency/wavelength of the incident light. These 
wavelength dependencies are important for coupling the OFCs into the 
cavities for cavity-enhanced spectroscopy, particularly due to the unique 
equidistant comb structure in the frequency domain.  

Highly reflective mirrors used in optical cavities are usually made from 
stacks of dielectric layers, alternating between high and low refractive index 
materials. These mirrors are based on constructive interference from the 
partial reflections from the high-index layers. Therefore, the thicknesses of a 
pair of layers should yield an optical path difference equal to the center 
wavelength for which the mirror is designed. Higher number of layers 
increases the reflectivity of the mirror. The spectral bandwidth of dielectric 
mirrors depends on the ratio of high to low index of refraction of the 
materials used in the stacks and larger ratios yield a broader spectral 
bandwidth [85]. By rule of thumb, the spectral bandwidths of the dielectric 
mirrors are usually around 10-15% of their central wavelength [86]. The 
mirror reflectivity drops rapidly outside the working spectral bandwidth of 
the mirrors. In addition, the reflectivity in the working spectral bandwidth of 
the mirror is not constant; therefore, the finesse and the cavity mode-width 
depend on the frequency/wavelength of the incident light.  

The dispersion inside the cavity is another source of frequency 
dependence in the cavity parameters. There are two main sources of 
dispersion (or frequency dependent phase shift of the light) inside the cavity: 
the mirror coatings and the intracavity media. Generally, the round-trip 
phase shift inside the cavity can be rewritten as 

 ( ) ( ) ( )04
mir m

n L
c

pnϕ n ϕ n ϕ n= + + ,  (4.15) 

where ( )mirϕ n  is the mirror phase shift and the phase accumulation due to 
the intracavity medium is separated into a dispersion-free component, 
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04 /n L cpn , in which 0n  is the frequency-independent refractive index of 
intracavity medium around the working frequency, and a dispersive 
component, ( )mϕ n . Again, at the resonant frequencies the round trip phase 
should be a multiple of 2p , 2( ) qϕ n p= . Therefore, the change in the mode 
number as a function of frequency is given by 

 ( ) ( ) ( )041 1
2 2

mir mn Lq
c

ϕ n ϕ n ϕ np
n p n p n n

 ∂ ∂ ∂∂
= = + + 

∂ ∂ ∂ ∂ 
.  (4.16) 

Since 1 (Δ / Δ )Δ /q q qFSR q q qn n n n+= − = = ∂ ∂ , the frequency-dependent FSR 
can be calculated as 

 ( )
02

2
tot

cFSR
cn L

n ϕ
p n

=
∂

+
∂

,  (4.17) 

Where tot mir mϕ ϕ ϕ= + , is the summation of the frequency-dependent 
(dispersive) phase shifts in the cavity.  

4.2.4. Spatial mode-matching of the beam to the cavity 

In order to efficiently couple a laser beam to a cavity, in addition to 
fulfilling the standing wave condition (matching to a longitudinal mode of a 
cavity) it should also be spatially mode-matched to a transverse mode of the 
cavity. Usually the TEM00 mode of the cavity is used since it has a circular 
shape, and a Gaussian beam can be simply and efficiently coupled to it.  

The intensity of a Gaussian beam in the x-y plane and propagating in the z 
direction is given by [87] 

 ( ) ( )
( )

2

2
22

0
0,

r
w zw

I r z I e
w z

 −
 
  

 
=  

  
, (4.18) 

where 2 2r x y= + is the distance from the optical axis, 0I  is the intensity of 
the incident beam on the optical axis 0( )x y= =  at the beam waist 0( )z = , 
w  is the beam radius or spot size of the beam, and 0 0( )w w=  is the radius 
of the beam at the beam waist or the minimum spot size. The beam radius at 
different positions in the direction of propagation is given by 

 ( )
2

0 2
0

zw z w
z

= ,  (4.19) 

where 0z  is the Rayleigh range (or focal depth) of the beam, which, in turn 
is given by 
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2
0

0
w

z
p
λ

= ,  (4.20) 

where λ  is the wavelength of the laser. The divergence angle of the beam is 
defined as 

 0

0 0z

ww
z z w

λθ
p→∞

∂
= = =
∂

.  (4.21) 

A schematic illustration of the radial spot size of a Gaussian beam is shown 
in Figure 4.2. 

 
Figure 4.2. The evolution of the spot size of a Gaussian beam along with the 
beam parameters. 

A Gaussian beam can be characterized, at any position, by a q-parameter 
given by [87] 

 
( ) ( ) ( )2
1 1 i

q z R z w z
λ

p
= + ,  (4.22) 

where ( )R z  is the radius of curvature of the Gaussian beam wave-front and 
is defined as 

 ( )
2
0
21 z

R z z
z

 
= +  

 
. (4.23) 

  To match a Gaussian beam to the TEM00 transverse mode of a cavity 
consisting of two identical concave mirrors with radius of curvature of mR , 
the waist of the Gaussian beam should lie in the center of the cavity and the 
radius of curvature of the beam should be equal to the curvature of the 
mirrors at the position of each concave mirror. Therefore, the Rayleigh range 
of the beam in the cavity, 0

cz , should be equal to the Rayleigh range of the 
cavity mode, 0

cavz , given by [87] 

 ( )0
1 2
2

cav
mz L R L= − .  (4.24) 

The mode-matching can be performed using one or two convex lenses as 
shown in Figure 4.3. Using two lenses is advantageous in practice, since it 
usually provides a set of solutions that one can choose from depending on 
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the availability of lenses, and yields shorter distances between the 
components. In addition, the two lens solution provides the possibility of a 
sensitive final fine tuning in the experiment when the second lens is 
mounted on a translation stage. The solution of the mode-matching in both 
cases can be calculated using the q-parameter of the beam and ABCD ray 
matrices [87]. 

  
Figure 4.3. Mode-matching of a Gaussian beam to a symmetrical cavity using 
(a) one and (b) two lenses. The parameters of the beam along with the 
separations are shown in the figure.  

For mode-matching with one lens [Figure 4.3 (a)] the two distances 1d  
(the distance between the beam waist position before the mode-matching 
lens and the lens) and 2d  (the distance between the mode-matching lens 
and the beam waist position in the middle of the cavity) can be calculated as 

 ( )2 0
1 1 1 0 0

0

l
c l

c
z

d f f z z
z

= ± −   (4.25) 

and 

 ( )2 0
2 1 1 0 0

0

c
c l

l
z

d f f z z
z

= ± − ,  (4.26) 

where 1f  is the focal length of the mode-matching lens, 0
lz  is the Rayleigh 

range of the beam before the lens, and 0
cz  is the Rayleigh range of the beam 

in the cavity, equal to the Rayleigh range of the cavity mode, 0
cavz . 

The condition of 2
1 0 0

l cf z z≥  should be met to have real solutions to Eqs. 
(4.25) and (4.26). The physically shorter solutions for the distances are 
usually preferred due to the practical limitations.  
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For matching with two lenses [Figure 4.3 (b)], there is no closed-form 
solution for the ABCD matrix. This should be expected, since several 
combinations of different focal lengths and lens positions can provide a 
proper spatial mode-matching. There are computer search algorithms that 
can find a proper solution depending on the focal lengths of the available 
lenses [85]. However, the easiest approach is to first choose 2f  and 1d′  in 
Figure 4.3 (b), depending on the available lenses and physical space, and use 
the solution of a one lens mode-matching for finding the remaining 
parameters. In this case,  2d′  and 0

fz can be calculated as 
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and 
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f z
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f d z
=

′− +
. (4.28) 

Therefore, the rest of solution is exactly the same as Eqs. (4.25) and (4.26), 
with the only difference of replacing 0

lz  by 0
fz  with values from Eqs. (4.27) 

and (4.28). If the final solution is not acceptable or satisfying, the calculation 
should be iterated with a new focal length, 2f , and/or position of the lens, 

1d′ . 
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5. Comb-cavity coupling schemes 

In the previous chapters the general terms and the fundamental equations 
governing the optical frequency combs and optical cavities are defined. In 
this chapter the different schemes of coupling a comb to a cavity are 
discussed.  

5.1. Perfect matching 

The most intuitive way of coupling two comb-like structures is to match 
them by adjusting their frequency spacing and offset. The actuators on the 
OFC source provide the tunability of frep and f0 of the comb. The length of the 
cavity, and thus the FSR, can be coarse-tuned by mounting one of the 
mirrors on a translation stage, and fine-tuned by attaching the mirror to a 
PZT actuator. However, while the frep of the comb is constant in the entire 
bandwidth of the comb, the FSR of the cavity changes with frequency due to 
the intracavity dispersion [see Eq. (4.17)], limiting the effective matching 
bandwidth. Furthermore, in contrary to the offset frequency of the comb, the 
frequency offset of the cavity cannot be controlled actively.  

Generally the perfect match (or PM) can be achieved locally when  

 repnf qFSR= ,  (5.1) 

where n and q are two (small) positive integer numbers and f0 is tuned to the 
proper value to match the offset of the cavity modes. In other words, 
whenever each nth comb mode is passing through each qth cavity mode, for 
the entire bandwidth that the cavity dispersion allows, the matching scheme 
is a perfect match. The length of the cavity at perfect match is called perfect 
matching length (or PML). The most trivial perfect matching is when n=q=1. 
For n>1 and n≠q, the cavity filters the comb and the effective repetition rate 
of the transmitted comb is eff

rep repf nf= . In this case the transmitted power of 
the comb is reduced by a factor of 1/n and the comb modes that are not 
transmitted through the cavity are reflected. Figure 5.1 shows the perfect 
matching for three different n and q values ignoring the dispersion. Since the 
widths of the comb modes are usually much smaller than the widths of the 
cavity modes, the comb modes are shown with vertical bars.  

Figure 5.2 shows the effect of dispersion on the comb-cavity matching for 
the perfect matching condition (n=q=1) and a cavity with normal dispersion 
[ 0/totϕ n∂ ∂ >  in Eq. (4.17), highly exaggerated in the figure for clarity]. 
While the cavity FSR is equal to the frep of the comb at the center of the 
spectrum of the comb, for lower frequencies the FSR is larger than the frep 
and for higher frequencies it is smaller than the frep. Therefore, in the perfect 
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matching scheme with tight comb-cavity locking, the spectral bandwidth of 
the transmitted comb is fundamentally limited by the cavity dispersion. 

 
Figure 5.1. Perfect-matching scheme between the comb modes (red bars) and 
cavity modes (black curve) for different n and q values. In (a) every comb mode 
is matched to a cavity mode, in (b) every 4th comb mode is matched to every 
cavity mode, and in (c) every 5th comb mode is matched to every 3rd comb mode. 
The corresponding q and n values are shown in the figure, and the reflected 
(filtered) comb modes are shown with dashed-lines. 

 
Figure 5.2. Perfect-matching scheme for n=q=1, including the dispersion of 
the cavity (exaggerated). For normal cavity dispersion, when the cavity FSR 
matches the frep at a particular frequency, the FSR will be smaller than the frep 
for lower frequencies and larger than the frep for higher frequencies. For clarity, 
the positions of the comb modes are shown with dashed lines. The transmitted 
comb is shown in the lowest panel. 
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As mentioned earlier in chapter 1, the other important issue in tightly-
locked perfect matching scheme is the sensitivity of the transmitted comb 
intensity to the frequency jitter between the comb and the cavity. The 
frequency fluctuations between the comb and the cavity are mapped to the 
transmitted intensity due to the frequency-to-amplitude noise conversion, 
increasing the intensity noise of the transmitted comb. A more detailed 
discussion on this issue is presented in Sec. 6.4.3.  

 5.2. Vernier filtering 

In cavity-enhanced spectroscopy, the cavity is basically used to increase 
the interaction length of the beam with the sample. The Vernier filtering 
scheme utilizes the same cavity to filter the comb and enable 
sequential/parallel detection of the entire comb bandwidth using a 
photodiode/detector array. The filtering of the comb modes is achieved by 
mismatching the comb and cavity from the PM by detuning the cavity length 
or repetition rate of the comb. Depending on the mismatch value, the two 
main approaches to Vernier filtering scheme are comb-resolved filtering and 
continuous-filtering.  

5.2.1. Comb-resolved filtering 

Comb-resolved filtering can be seen as a special case of perfect matching 
(n frep = q FSR) for larger values of n and q as shown in Figure 5.3. In the 
comb-resolved Vernier filtering [39] the mismatch from the PML allows only 
a set of single comb modes widely separated in the frequency domain to be 
transmitted. A diffraction grating can disperse and resolve these transmitted 
comb modes due to the large frequency separation between them. 
Furthermore, scanning either the frep or the FSR sequentially transmits 
consecutive comb modes across the frequency domain for the entire spectral 
bandwidth of the OFC source. Figure 5.3 shows the comb-resolved filtering 
for FSR = (18/17) frep, where the frequency separation of the transmitted 
comb modes is FSRV = 17 FSR = 18 frep. Note that for simplicity the cavity 
dispersion and f0 of the comb are ignored.  

Due to the cavity dispersion FSRV is frequency dependent. In this case 
however, the spectral bandwidth of the transmission is not limited by 
dispersion, since the Vernier filtering is used in combination with frep or FSR 
scans. Due to the low transmitted power in comb-resolved filtering, 
acceptable SNR on the detection system is achieved by averaging. Effective 
averaging usually requires tight comb-cavity locking which in turn increases 
the intensity noise of the transmitted comb via frequency-to-amplitude noise 
conversion. 
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Figure 5.3. Comb-resolved Vernier filtering scheme. The mismatch of the 
comb frep and the cavity FSR allows transmitting a set of single comb modes 
with a much larger separation than FSR and frep.  

5.2.2. Continuous filtering 

In the continuous-filtering Vernier regime, the mismatch from the PML is 
smaller than in the comb-resolved filtering; therefore, instead of a set of 
single comb modes, several groups of comb modes separated in the 
frequency domain are transmitted through the cavity. Each of these groups 
of comb modes is called a Vernier order [54, 55]. Figure 5.4 shows two 
consecutive Vernier orders for FSR = (40/39) frep and the free spectral range 
of the Vernier orders is FSRV = 39 FSR = 40 frep. The FWHM of each Vernier 
order is shown by ΓV. Again, the cavity dispersion and f0 of the comb are 
ignored for simplicity. 

 
Figure 5.4. Continuous-filtering Vernier scheme. The mismatch of the comb 
and cavity from PML is smaller than in the comb-resolved Vernier filtering 
scheme. Thus, instead of a set of single comb modes, several groups of comb 
modes are transmitted.  

Similar to the comb-resolved Vernier filtering, a diffraction grating can 
disperse and resolve the transmitted Vernier orders due to the high 
frequency separation between them. Furthermore, scanning either the frep or 
the FSR, sweeps the Vernier orders across the entire spectral bandwidth of 
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the OFC source. Therefore, the spectral bandwidth of the transmission in 
continuous-filtering regime is not limited by the cavity dispersion either.  

Compared to the comb-resolved filtering, in continuous-filtering the comb 
modes are not resolved in the transmission. Therefore the frequency 
calibration provided by the comb modes is lost. However, since each Vernier 
order comprises several comb modes, the transmitted intensity is higher. 
Furthermore, the comb modes inside a Vernier order demonstrate an 
inherent immunity to the frequency-to-amplitude noise conversion, which 
will be discussed later in Sec. 8.1.  
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6. Fourier transform spectroscopy with 
frequency combs 

Using the optical frequency combs as the source for Fourier transform 
spectrometer (FTS) provides several advantages over conventional 
broadband sources. Specifically, the spatial coherence of the OFC makes it 
much easier to couple into the FTS and the spectral brightness of the OFC 
provides a much higher SNR in the retrieved spectra in a remarkably shorter 
acquisition time. Therefore the sensitivity and measurement time of the FTS 
is enhanced drastically. In addition to these advantages there are a few novel 
phenomena, specific to the particular structure of the comb, such as spectral 
resolution beyond the nominal resolution of the FTS and efficient coupling 
to enhancement cavities. In this chapter the different aspects of the 
combination of the OFC and FTS are discussed.  

6.1. Principle of operation 

The Fourier transform spectrometer is basically a Michelson 
interferometer with at least one moving mirror. A general schematic of the 
FTS that we have implemented in NIR and MIR is shown in Figure 6.1.  

 
Figure 6.1. Fourier transform spectrometer. OFC: optical frequency comb, BS: 
beam splitter, PD: photodetector, BD: balanced detector, FFT: fast Fourier 
transform. 

The beam from the OFC source is transmitted through the sample, which 
can be in a simple gas cell, a multipass cell, or an enhancement cavity and is 
coupled into the FTS. The output of a stable cw reference laser (λref) is also 
coupled into the FTS, parallel to the OFC beam, and is used for calibration of 
the optical path difference (OPD). The beam splitter in the FTS splits both 
beams into the two arms of the Michelson interferometer. For easier 
alignment a retro-reflector is used as the moving mirror. In addition, to yield 
a larger OPD from a specific physical movement, a back-to-back orientation 
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of two moving retro-reflectors is advantageous as is shown in Figure 6.1. The 
two reflected beams of both sources interfere independently constructing 
two out-of-phase outputs (only one of them is shown for the reference laser). 
The OFC outputs of the FTS are aligned to a balanced detector. The balanced 
(or auto-balanced) detector improves the SNR of the retrieved interferogram 
especially in cavity-enhanced FTS (a detailed discussion is presented in Sec. 
6.4.4). Alternatively, when the SNR of the OFC interferogram is satisfying, 
the FTS configuration can be simplified by using only one output beam of the 
interferometer and utilizing a single photodetector. In both cases, one of the 
reference laser outputs of the FTS is recorded using another photodetector. 
When the retro-reflector is moving, the two interferograms (of the OFC and 
the reference laser) are recorded in the time domain. The interferogram of 
the OFC is resampled at certain points of the reference laser interferogram 
(e.g. zero-crossings and extrema, yielding a λref/4 sampling step) to calibrate 
the OPD of the interferometer and to prepare a calibrated grid for a Fourier 
transform. The Fourier transform [implemented numerically by fast Fourier 
transform (FFT)] of the OPD-calibrated interferogram of the OFC yields the 
frequency calibrated spectrum, which contains the absorption features of the 
species in the gas sample.  

6.1.1. Time and optical path difference domain: interferogram 

The interferogram of the conventional FTIR spectrometers has a single 
burst around 0OPD =  with much smaller amplitude tails on the two sides of 
the burst. The resolution of the retrieved spectrum after the Fourier 
transform is defined as the inverse of the OPD. The center burst mostly 
contributes to the overall slowly varying envelope of the spectrum and the 
signal in the two tails yields the fine absorption features in the spectrum. 
This is intuitively expected, since acquiring a longer time/OPD domain 
signal yields a frequency domain spectrum with higher resolution after the 
Fourier transform. Therefore using conventional sources it is expected that a 
higher resolution spectrum is obtained when a longer scan range of the OPD 
is used in the FTS.   

In contrast to the conventional broadband sources, OFCs produce a series 
of coherent pulses in the time domain. Therefore, the interferogram of the 
OFC consists of a series of bursts appearing at optical path differences equal 
to integer multiples of c/frep. An example of the detected interferogram is 
shown in Figure 6.2, along with two vertical and horizontal zooms of the 
bursts. Panel (b) shows the interferogram fringes in the burst, and panel (c) 
shows small burst-like features in the tails which are mostly due to the 
absorption in the sample.  
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Figure 6.2. Interferogram of an OFC in the OPD domain. (a) Series of bursts at 
integer multiples of c/frep, along with (b) a vertical zoom and (c) a horizontal 
zoom around one of the bursts. The small burst-like features in (c) are mostly 
due to the absorption of the sample (100% acetylene at 10 Torr in a 10-cm gas 
cell).  

6.1.2. Frequency domain: spectrum 

The FFT of the interferogram calibrated in the OPD domain yields the 
spectrum. Since the separation between data points in the OPD domain 
interferogram is known with a good precision (depending on the relative 
stability of the reference laser which is ~10-7 in our system), the retrieved 
spectrum is absolutely calibrated in the frequency/wavelength domain.  

Taking the FFT of a symmetric interferogram around one of the bursts 
with maximum optical path difference of OPDmax ≤ c/frep, the comb modes 
are not resolved in the spectrum. Therefore a broadband spectrum 
containing the absorption lines is obtained with a spectral point spacing of 
1/OPDmax (which is a property of the FFT) and this point spacing is usually 
quoted as the nominal resolution of the spectrometer. Figure 6.3 shows part 
of the experimental spectra retrieved from the FTS for the intensities 
transmitted through an empty gas cell and through the gas cell containing 
the sample in panel (a) and (b), respectively. The OFC source is an Er:fiber 
femtosecond laser with a repetition rate of frep = 250 MHz, the maximum 
optical path difference of the FTS is OPDmax ≈ c/frep = 1.2 m, so the comb 
modes are not resolved. The sample is 100% acetylene (C2H2) at 10 Torr in a 
10-cm gas cell with an average FWHM absorption linewidth of ~530 MHz. 
The normalized transmission spectrum is retrieved by dividing the intensity 
transmitted through the gas cell containing the sample by the intensity 
transmitted through the empty gas cell, which is equal to exp[ ( ) ]Lα n− using 
Eq. (3.1) and is shown in panel (c). Note that by knowing the interaction 
length, L, which is equal to the length of the gas cell, one can obtain the 
frequency dependent absorbance ( )α n . 

A general recommendation in using OFC-based FTS without resolving the 
comb modes is to keep the OPDmax as small as possible for each particular 
experiment. A spectrum with 3 to 4 data points in the FWHM of the 
narrowest absorption line is generally enough for reconstructing the correct 
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absorption profiles. A longer OPDmax does not add any useful information to 
the spectrum, it only adds more noise. 

   
Figure 6.3. Part of the FTS spectra for (a) the beam transmitted through the 
empty gas cell, (b) the beam transmitted through the gas cell containing the 
absorber, and (c) the normalized transmission spectrum. A zoom of one of the 
absorption lines indicated by ‘*’ in (c) is shown in (d), where the measured 
spectral data points are shown with dots. The data points are connected with 
lines as guides to the eye. The sample is 100% C2H2 at 10 Torr in a 10-cm gas 
cell and the spectra are measured with 250 MHz resolution.  

To interpolate between the measurement points in the spectrum one can 
use the zero-padding or the zero-filling method, a well-known technique in 
FTIR spectrometers [88]. Assuming the interferogram has N data points, a 
positive multiple of N/2 zeros are added to the two ends of the 
interferogram. This yields interpolated data points in between the original 
measured data points in the spectrum after the FFT.  Figure 6.4 shows the 
effect of zero-padding on the same absorption line of C2H2 shown in Figure 
6.3 (d).  

   
Figure 6.4. The effect of zero-padding on the spectrum. (a) A measured C2H2 
absorption line before zero-padding, (b) the same absorption line after zero 
padding the measured interferogram by three times, and (c) the measured and 
zero-padded absorption line on a single plot for comparison.  
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In Figure 6.4, panel (a) shows the measured absorption line, panel (b) 
shows the absorption line after zero padding by 3 times, and panel (c) shows 
the measured and zero-padded absorption line in one plot for comparison. 
Although zero-padding decreases the point spacing in the spectra, it does not 
enhance the spectral resolution. 

6.2. Doppler-shift representation and dual comb 
spectroscopy 

By considering the OFC structure in the frequency domain, one can 
explain the operation of the FTS in terms of the Doppler shift due to the 
reflection from the moving mirrors. Assuming that the retro-reflectors in 
Figure 6.1 are moving with a constant velocity, v, the optical frequency of the 
comb modes in the two interfering beams at the FTS output, nn

± , are given by 

 
21n n

v
c

n n±  = ± 
 

,  (6.1) 

where the positive sign represents the blue shift and the negative sign 
represents the red shift due to the Doppler effect.  

   
Figure 6.5. (a) The Doppler shift of the two frequency combs (red-shifted 
comb in red, blue-shifted comb in blue, and incident comb in dashed black) in 
the two FTS arms due to the movement of the retro-reflectors. (b) The down-
converted frequency comb in the detector output. 

  The absolute value of the frequency shift (blue or red) for each comb 
mode, 2( / ) nv c n , increases with the mode frequency. The two Doppler 
shifted beams interfere on the photodetector and their beat note is detected. 
The lowest frequency beat signal yields a down-converted frequency comb by 
a factor of 4 /v c . Figure 6.5 (a) shows the comb entering the FTS (black 
dashed lines) and the two red (red lines) and blue (blue lines) shifted combs 
reaching the photodetector. The beating between these two combs yields the 
low frequency comb structure on the detector. Figure 6.5 (b) shows the 
retrieved down-converted comb in the output voltage of the detector in the 
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(electrical) frequency domain. Since the amplitude of each down-converted 
comb mode is proportional to the intensity of the corresponding optical 
domain comb mode, the entire absorption features in the optical domain are 
down-converted as well. 

The Doppler shift representation of the FTS using the OFC sources 
resembles to a broadband detection technique specific for the OFC sources, 
called dual comb spectroscopy [38, 89, 90]. In dual comb spectroscopy, a 
second OFC source is used instead of the FTS for down-conversion of the 
comb spectrum. The repetition rates of the two OFCs are set to be slightly 
different from each other, by Δfrep, and thus one acts as a local oscillator for 
the other one and down-converts the comb structure to the RF domain. 
Figure 6.6 shows two stabilized combs with a slightly different repetition rate 
(and potentially different offset frequencies of f01 and f02) in panel (a) and the 
retrieved down-converted comb in the output voltage of the detector in the 
(electrical) frequency domain in panel (b). The repetition rate, Δfrep, and 
offset frequency, Δf0, of the down-converted comb is equal to the difference 
of the corresponding values for the two optical frequency combs. 

 
Figure 6.6. The concept of dual comb spectroscopy. (a) Two stabilized combs 
with a slightly different frep beat with each other. (b) The beating of the two 
combs on a detector yields a down-converted comb with a repetition rate and 
offset frequency equal to the difference of the corresponding values for the two 
combs.  

The two OFCs used in dual comb spectroscopy should be absolutely well 
stabilized [38] or the retrieved signal should be heavily post processed [91, 
92], to obtain a correctly sampled spectrum. Since in dual comb 
spectroscopy Δfrep can be much larger than (4v/c) frep in a mechanical FTS, 
dual comb spectroscopy has a shorter measurement time for a single 
interferogram; however, to achieve the same SNR in the retrieved spectrum 
as their FTS-based counterparts, they need some integration time.  
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6.3. Sub-nominal resolution method 

Acquiring more than one burst in the interferogram results in resolving 
the comb modes. Comb resolved spectrum has been shown with 
(mechanical) FTS-based OFCS [56, 57] and dual comb spectroscopy [93, 94]. 
While in the dual comb demonstrations, thousands of bursts in the 
interferogram can be acquired to enhance the resolution down to the comb 
linewidth, it is impossible to record a sufficiently long interferogram using a 
mechanical FTS, since the OPDmax is limited to the physical size of the 
interferometer.  

Using conventional broadband sources, the resolution of FTS is always 
limited by the 1/OPDmax, and any absorption feature narrower than this 
nominal resolution of the FTS is distorted by the instrument line-shape 
(ILS) function of the spectrometer due to truncation. When the nominal 
resolution is finer than one third of the width of the measured spectral 
feature, the ILS distortion remains below the 10-4 level; however, for lower 
nominal resolutions the distortion effects become larger and more visible 
(depending on the SNR of the spectrum). The intensity of the measured 
feature is convoluted with the instrumental line shape, ILS(ν), which for a 
box-car acquisition in the time domain, can be modeled in the form of a sinc 
function given by [88] 

 ( ) ( )0 maxmax OPDOPD
ILS sinc

c c
p n n

n
 −

=  
 

, (6.2) 

where ν is the absolute frequency and ν0 is the center frequency of the 
measured feature. The effect of the convolution with the ILS is a broadening 
of the measured absorption line, a reduction of its intensity, and ringing on 
each side of the line, as ILS has periodical zero-crossings at detuning equal 
to integer multiples of c/OPDmax.  

For a narrowband cw laser, the convoluted spectral shape is identical to 
the ILS function. Since the OFC consists of thousands of narrowband modes, 
the convolution of each mode appears as a sinc function with the same 
periodical zero-crossings at integer multiples of c/OPDmax. Therefore, the 
ILS distortion can be avoided if the OPDmax is precisely matched to c/frep, f0 
of the comb is taken care of, and the sampling points of the FTS (FFT 
algorithm) are precisely at the multiple integers of c/frep (papers IV, VIII). 

Figure 6.7 illustrates the effect of the ILS and the FTS sampling on the 
comb spectrum both in a general case, panel (a), and when the 
aforementioned conditions are fulfilled, panel (b). Assume that a single 
comb mode is absorbed by a molecular transition with a line width much 
narrower than frep and a single-burst interferogram (see Sec. 6.1.1) is 
acquired in the two cases of an arbitrary OPDmax > c/frep in panel (a) and an 
OPDmax precisely matching c/frep in panel (b). The comb modes are shown in 
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black and f0 = 0 is assumed for simplicity. The dashed curves show the ILS of 
the absorbed comb mode, and similar ILS (not shown) exists for all comb 
modes. The measured FTS spectrum with contribution from the ILS of all 
comb modes, shown by the solid curves, is sampled by the FFT at discrete 
points separated by c/OPDmax (circular markers, green curves are guides to 
the eye). When the nominal resolution is smaller than frep [panel (a)], the 
spacing of the sampling points is smaller than the spacing of the comb 
modes. This mismatch results in a substantial frequency difference between 
the FFT sampling points and the comb frequencies and causes ringing on 
each side of the absorbed mode in the final spectrum. Moreover, even at the 
positions of the comb modes the FTS cannot measure the exact comb 
intensities because of the distortion caused by the ILS of the neighboring 
comb modes. The influence of the ILS vanishes when the nominal resolution 
is exactly matched to frep [panel (b)]. In this case, the zero-crossings of the 
ILS of one comb mode are at the positions of the neighboring comb modes, 
leaving them unaffected. Therefore, if the FFT sampling point spacing is 
equal to frep and the sampling points are precisely matched to the comb 
mode frequencies, the final spectrum has a flat baseline on each side of the 
absorbed mode (papers IV, VIII). 

 
Figure 6.7. Schematics of the spectra obtained after FFT of a single-burst 
interferogram when the nominal resolution is slightly smaller than frep (a) and 
exactly equal to frep (b). The comb modes are shown in black. The dashed red (a) 
and blue (b) curves are the ILS profiles of the absorbed central comb mode. The 
solid red (a) and blue (b) curves show the FTS spectra resulting from the 
summation of the ILS profiles of all comb modes. The frequencies sampled by 
the FTS are marked with red (a) and blue (b) circular markers, the green lines 
are guides to the eye. 
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The illustration of Figure 6.7 is for the ideal case of f0 = 0 and, more 
importantly, assuming the precise matching of c/OPDmax and frep. In practice, 
it is not always possible to obtain this precise matching since OPDmax is 
discretized and the two values can only be matched up to a single sample 
point. Assume a single-burst interferogram centered on a burst and 
comprising of 2N0 points is retrieved, it is matched (as close as possible) to 
c/frep and the OPD is sampled at λref/4 (see Sec. 6.1). The number of points 
on each side of the burst is given by 

 0
2

round
λref rep

cN
f

 
=   

 
. (6.3) 

The spectrum after FFT contains N0 points at frequencies ranging from 0 to 
2c/λref (the Nyquist frequency) spaced by the nominal resolution of the FTS 
given by 

 0

0

2
FTS

maxOPD λref

c cf
N
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The FTS sampled points of the FFT can be indexed by an integer m and yield 
the frequency scale of the FTS as 

 0
FTS FTSm fn = , (6.5) 

while the frequency scale of the comb is given by 0OFC repn f fn = + .  
The smallest possible step for tuning 0

FTSf , 0
FTSfδ , is obtained by changing 

the interferogram length by two points  

 0
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0 0 0

2 1 1 2
1FTS λ λref ref
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N N N

δ
 

= − ≈ + 
, (6.6) 

and it sets the precision of matching the 0
FTSf  to frep. In practice, this 

precision is enough for reducing the ILS effect below the noise level of the 
measured spectrum. For instance if λref = 633 nm and frep = 750 MHz, N0 ≈ 

1.26×106 and the smallest possible step is 0
FFTfδ ≈ 600 Hz, yielding a relative 

mismatching of 0
FTSfδ /frep ≈ 8×10-7. The effect of this mismatch on the 

intensity of each comb mode (assuming sampling the spectrum at the comb 
mode frequencies) is in the same order (~10-6) and is not visible on the 
measured spectrum (paper VIII).  

In addition to the matching of the ILS zero crossing positions to the frep, 
the differences between the two frequency scales are of importance for the 
sub-nominal resolution method. Due to the f0 of the comb and the residual 
mismatch of the 0

FTSf to frep, the spectrum is not sampled at the comb mode 
frequencies and a numerical procedure is needed to correct the FTS scale in 
post-processing. This procedure is illustrated in Figure 6.8, with the scale 
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mismatch exaggerated and all scales shown as continuous functions rather 
than discrete points for clarity. The OFC scale [(•), red solid line] is set by the 
experiment. The initial FTS scale [(∗), blue solid line], set by N0λref, has in 
general a different slope and no offset. The offset is corrected by shifting the 
FTS scale by f0 [(∘), blue dotted line] and the remaining discrepancy between 
the frequency scales is then equal to the error on the FTS sampling point 
spacing multiplied by the index n of the considered mode.  

This error can be corrected at a chosen mode position nopt (corresponding 
to the optical frequency νopt in the comb spectrum) by an additional 
frequency shift of 0

shiftf  [(⨁), blue dash-dotted line]. In this way, the error on 
the sampling point spacing remains but is now multiplied by a much smaller 
number (n-nopt). When matching of the scales is required over a wider 
bandwidth, the frequency shift (with a different value of fshift) can be 
combined with a correction of the FTS sampling point spacing (the slope of 
the FTS scale), through spectral interpolation by zero-padding of the 
interferogram [(×), blue dashed line], see paper VIII for more details. 

 
Figure 6.8. Schematics of the process of matching of the FTS scale [(∗), blue 
solid line] to the OFC scale [(•), red solid line] in the spectral range of interest 
(around νopt). First, f0 is added to the FTS scale so that both scales have the same 
frequency origin [(∘), blue dotted line]. Then the FTS scale is shifted by a proper 
frequency so that it overlaps with the OFC scale in a chosen optical range of 
interest [(⨁), blue dash-dotted line]. When a better matching is needed, the 
interferogram is zero-padded to improve the accuracy of the FTS sampling point 
spacing before being shifted to overlap on a larger range with the OFC [(×), blue 
dashed line]. 

The f0 and fshift (or 0
shiftf ) corrections are implemented by multiplying the 

OPD domain interferogram by exp[-i2π(f0+fshift)OPD/c] before performing 
the FFT. The zero padding is implemented by adding kpadN0 zeros (with 
integer kpad) on both sides of the existing interferogram before performing 
the FFT. If the number of zeros added on both sides is close to but not equal 
to kpadN0, the FTS sampling point spacing changes. The number of points in 
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the interpolated interferogram, N, that shifts the sampling points closest to 
the comb modes for a given integer kpad is given by  

 ( )2 1padround
λref rep

cN k
f

 
= + 

  
 (6.7) 

and the new FTS sampling point spacing is 

 ( )2 1FTS padλref

cf k
N

= + . (6.8) 

In paper VIII we investigate the magnitude and shape of the residual ILS 
distortion in the sub-nominal resolution method and show that it is 
proportional to the remaining error between the OFC and FTS frequency 
scales. We also study the effect of the scale mismatch on the position of 
absorption lines retrieved by fitting and show that it depends on the ratio of 
the absorption line width and frep. 

When the molecular absorption lines are narrower than frep, only isolated 
comb modes are absorbed, resulting in one sampling point per absorption 
line. Mapping the full profile of absorption lines thus requires interleaving of 
single-burst spectra taken with different OFC scales, which is achieved by 
stepping either frep or f0. Stepping f0 is preferred, as it results in a linear shift 
of the optical frequencies, which is easily taken care of in post-processing. 
However, this is not possible in e.g. cavity-enhanced techniques, in which the 
comb parameters must be locked to that of an external cavity (see Sec. 6.4). 
In this case frep is stepped instead, together with the cavity free spectral 
range. The interleaving process is shown schematically in Figure 6.9 . 

 
Figure 6.9. Illustration of interleaving of ten spectra. Each color represents 
one measured spectrum and the frep is stepped by Δfrep = 0.1 frep. 

The minimum resolution limit of the spectra is defined by the stability of 
the comb modes, which can be in the kHz range or even better. This method 
is a giant leap for Fourier transform spectroscopy based on a mechanical 
delay-line, since it yields kHz resolution over a broad spectral bandwidth of 
an OFC using regular meter scale OPDs. To demonstrate this, we 
characterize the narrow (FWHM < 250 kHz) resonance modes of a high 
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finesse cavity in the entire OFC spectrum with kHz resolution using the sub-
nominal resolution method in paper X.   

6.4. Cavity-enhanced comb-based FTS 

To achieve higher effective interaction length and thus increase the 
detection sensitivity, the single pass cell containing the sample can be 
replaced with a multipass cell, in a rather straight forward process. By proper 
alignment of the OFC beam to the multipass cell and positioning the beam 
waist in the center of the multipass cell, the output beam of the cell is 
retrieved and sent to the FTS. To achieve even higher interaction lengths 
than what multipass cells offer, enhancement cavities should be utilized, 
however using them in combination with FTS is not as easy as with the 
multipass cells. The comb modes should be aligned to the cavity modes in 
the perfect matching scheme to yield a broad bandwidth and steady comb-
cavity coupling. Since the measurement time of the FTS is in the order of a 
second, the comb and cavity modes should be locked (stabilized) to 
compensate the fluctuations and drifts during the measurement and 
maintain a constant transmission of the comb through the cavity.  

The well-established technique to lock a cw laser to a single mode of a 
cavity is the Pound-Drever-Hall (PDH) technique [51]. In this technique the 
electric field of the laser beam is phase modulated to generate two frequency 
sidebands, one in-phase and one out-of-phase with respect to the center 
mode (or the carrier) and separated from the center mode by the 
modulation frequency, fPDH. The reflection of these two sidebands and the 
carrier (also called the FM triplet) from the cavity is detected and 
synchronously demodulated at the modulation frequency. The in-phase 
demodulated signal yields the PDH error signal. When the laser frequency is 
scanned over one of the cavity modes (or vice versa), the PDH error signal 
shows an odd symmetry around the center frequency of the cavity mode, 
where its value is zero. Therefore, the PDH error signal is fed to a controller 
acting on the frequency of the laser (or cavity length) to keep the laser 
frequency and cavity mode frequency perfectly matched. A derivation of the 
PDH error signal from the FM triplet and the reflection of the cavity can be 
found in e.g. [79]. Figure 6.10 shows a simulation of the PDH error signal, 
while the FM triplet is scanned over a cavity mode. The sharp slope of the 
signal around zero detuning is used for locking.  

The same principle is used for locking an OFC to an enhancement cavity, 
but since the comb is broadband and has two degrees of freedom, it should 
be locked to the cavity at two different frequency/wavelength ranges. 
Therefore, this technique is called two-point Pound-Drever-Hall locking. 
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Figure 6.10. The PDH error signal simulated when the FM triplet is scanned 
over a cavity mode. The cavity mode-width is fpdh/1000.  

6.4.1. Two-point Pound-Drever-Hall locking 

Both f0 and frep of the comb can be actively changed by the corresponding 
actuators in the OFC source, while in the cavity only the FSR can be altered 
actively. Therefore, usually the comb is locked to the cavity by proper control 
of the f0 and frep. In two-point Pound-Drever-Hall (PDH) locking [44], two 
error signals are derived from the cavity reflected light at two different 
frequency/wavelength ranges (referred to as locking points) using the PDH 
technique. Each PDH error signal is used to lock a group of comb modes to 
their corresponding resonant cavity modes. The general implementation of 
the two-point PDH lock is shown in Figure 6.11.  

   
Figure 6.11. General implementation of the two-point Pound-Drever-Hall 
lock. OFC: optical frequency comb, EOM: electro-optic modulator, fPDH: Pound-
Drever-Hall modulation frequency,  FC: fiber collimator, HWP: half-wave plate, 
PBS: polarizing beam splitter, QWP: quarter-wave plate, PDi: Photodetectors, 
LPF: low-pass filter, Ph: phase shifter. 

The linearly polarized output beam of the OFC is phase modulated by an 
electro-optic modulator (EOM) at fPDH driven by a signal generator, 
generating two FM sidebands for each comb mode. The polarization of the 
OFC beam is adjusted by a half-wave plate (HWP) to match to a polarizing 
beam splitter (PBS). The linear polarization is changed to a circular by 
passing through a quarter-wave plate (QWP) and the beam reaches the 
cavity. The polarization of the reflected beam from the cavity is circular in 
the opposite direction of the incident beam and as a result it will be linearly 
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polarized perpendicular to the incident beam after passing the QWP for the 
second time. The beam is then reflected by the PBS due to its polarization 
and reaches a diffraction grating. The grating disperses the light and two 
different wavelength ranges of the dispersed beam (i.e. locking points) are 
focused on two photodetectors. The outputs of the photodetectors are low 
pass filtered (LPF) to remove any beating signal other than the fPDH, and fed 
to two frequency mixers. The local oscillator (LO) inputs of the mixers are 
taken from the signal generator producing fPDH, after tuning the phase of the 
signals for out-of-phase detection. The PDH error signals are achieved after 
a second set of LPFs and are fed to two (usually PID) controllers to act on the 
f0 and frep of the comb and keep the error signals around zero. Therefore, a 
perfect matching of the comb modes to the cavity modes for the two 
wavelength ranges incident on the two detectors is achieved. However, the 
dispersion of the cavity can degrade the matching at the wavelengths 
between the two locking points (if they are far apart from each other) and far 
from them (if they are close to each other) on the two ends of the OFC 
spectrum. This effect decreases the spectral bandwidth of the comb 
transmitted through the cavity and also may decrease the intensity of the 
transmitted comb modes between the two locking points. 

6.4.2. Influence of cavity dispersion on transmitted spectrum  

In the two-point PDH locking technique the cavity dispersion also 
influences the cavity-enhanced molecular spectra due to the mismatching of 
the comb modes from the center of the cavity modes in the wavelength 
ranges far from the locking points. This effect not only reduces the relative 
absorption due to lower enhancement in the effective length, but also 
introduces asymmetry in the absorption lines depending on the slope of the 
cavity mode that the comb modes are residing on. To model this effect in the 
cavity transmitted intensity, a frequency dependent round trip phase for the 
comb modes at the resonant frequencies of the cavity can be written as 

 ( ) ( )
22 Δ

Δ n
comb n q

FSR
p n

ϕ n p
n

= + ,  (6.9) 

Where Δ nn  is the frequency detuning of the nth comb mode from the center 
of the qth cavity mode (known as comb-cavity offset) and ( )FSR n  is the 
frequency dependent free spectral range of the cavity given by Eq. (4.17). By 
inserting (Δ )comb nϕ n  instead of ( )ϕ n  in Eq. (4.11), and using 

 

0
*
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A AtI I T Tn n n= , the frequency dependent transmitted intensity of 

the nth comb mode through the cavity, ( )n
tI n , is given by [44] 
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where 0
nI  is the incident intensity of the nth comb mode. 

6.4.3. Frequency-to-amplitude noise conversion 

Two-point locking stabilizes the comb modes to the cavity modes, but any 
residual frequency fluctuations between the comb and cavity modes cause an 
intensity noise in the cavity transmission due to frequency-to-amplitude 
noise conversion as shown in Figure 6.12. Assuming a constant relative 
residual fluctuation of the frequency of the comb mode, if the comb mode is 
matched to the center of the cavity mode [e.g. at wavelengths close to the 
locking points, shown in panel (a)] the intensity noise is smaller than if the 
comb mode has a frequency offset compared to the center of the cavity mode 
[e.g. at wavelengths far from the locking points and due to the cavity 
dispersion, shown in panel (b)]. Furthermore, for a constant residual 
fluctuation of the frequency of the comb mode, the frequency-to-amplitude 
noise conversion increases with increasing the finesse of the cavity [shown in 
panel (c)], since the cavity mode-width decreases. To achieve an acceptable 
SNR in the retrieved spectrum from cavity-enhanced FTS, this intensity 
noise should be suppressed drastically.  

  
Figure 6.12. Frequency-to-amplitude noise conversion due to the 
enhancement cavity in tight locking scheme for three cases: (a) the comb mode 
(in red) is on resonance with the cavity mode (in black), (b) the comb mode has 
a frequency offset compared to the center of the cavity mode, and (c) the comb 
mode is on resonance with the cavity mode with a narrower mode-width (higher 
finesse).  

6.4.4. Balanced and auto-balanced detection 

In FTS one can use balanced detection to remove the intensity noise due 
to the frequency-to-amplitude noise conversion. In balanced detection the 
two out-of-phase outputs of the interferometer are aligned to two different 
detectors. The interferograms recorded by the two detectors are out-of-
phase, while the intensity noise is in-phase. Therefore by subtracting the two 
outputs of the photodetectors the difference mode (or the interferogram) is 
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doubled, while the common mode (or the intensity noise) is largely 
eliminated. The principle of the balanced detection is shown in Figure 6.13.  

   
Figure 6.13. The principle of balanced detection. (a) The interferograms 
retrieved by the two photodetectors at the two outputs of the FTS. The DC levels 
and intensity noises are common on the two interferograms, while the 
interference signals are out of phase. (b) Subtraction of the outputs of the two 
detectors removes the DC levels and noise from the interferogram and doubles 
the amplitude of the signal. (c) The retrieved transmission spectrum obtained 
by applying FFT on the interferogram of a single detector (in blue) and after 
balancing (in red). The increase in the SNR is clearly visible. 

In the ideal balanced detection with the highest noise rejection ratio, the 
trans-impedance gain of the detectors should be exactly equal and the 
intensity of the two beams on the two detectors should be exactly the same, 
which is experimentally hard to achieve. Furthermore, the alignment of the 
beams in the FTS should be perfect, i.e. the overlapping spot size of the two 
interfering beams on the detectors should be equal for different OPDs, which 
is experimentally not possible. In addition, the long term drifts in the system 
should not change these conditions. Therefore, the effectiveness of the 
balanced detection is always limited [53]. To achieve the best performance 
from the balanced detection, the output voltage of one of the photodetectors 
can be actively controlled to match the output of the other one. To 
implement it, the optical power on one of the photodetectors (called 
reference) is intentionally kept higher than the other one (called signal). The 
DC level and low frequency components in the output of the reference 
photodetector are separated by a low-pass-filter and subtracted from the 
low-pass-filtered output of the signal photodetector to yield an error signal. 
This error signal is fed back to the reference photodetector and the excess 
current due to the higher input optical power on this photodetector is 
damped to ground. Therefore the output voltage of the reference 
photodetector is perfectly matched to that of the signal photodetector, 
producing the equal power of noise [52]. Finally the subtraction of the two 
outputs effectively removes the common mode noise on the two detectors as 
they have exactly the same power. In addition, by providing an offset control 
for the trans-impedance amplifier of the reference photodiode, the DC offset 
of the output is eliminated in a one-time manual fine tuning, and the noise 
cancelation performance is further increased. Since the entire balancing 
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process is done automatically by the feedback, the detector is called auto-
balanced detector. While a simple balanced detector can typically decrease 
the intensity noise of the spectrum by one to two orders of magnitude, an 
auto-balancing detector can decrease the noise by three orders of magnitude 
[53].  
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7. Noise-immune cavity-enhanced optical 
frequency comb spectroscopy  

The frequency-to-amplitude noise conversion in cavity-enhanced FTS can be 
drastically suppressed by (auto-)balanced detection; however, the balanced 
detection scheme requires access to both outputs of the interferometer. 
Usually commercial FTS instruments have a single output preventing the use 
of balanced detection scheme. Furthermore the auto-balanced detector is not 
commercially available in all wavelength ranges and should then be custom-
built. In practice, the achieved noise reduction depends critically on the 
performance of the electronics.  

An alternative approach is to cancel the noise in the optical domain and 
use a single commercial photodetector on a single output of the 
interferometer. Suppressing the frequency-to-amplitude noise in the optical 
domain has already been implemented in cavity-enhanced cw laser-based 
absorption spectroscopy. Specifically, noise-immune cavity-enhanced optical 
heterodyne molecular spectroscopy (NICE-OHMS) [9, 95] uses a unique 
combination of frequency modulation spectroscopy (FMS) [4] with cavity 
enhancement to suppress the noise in the optical domain. We employed the 
same concept over the broad bandwidth of the OFC to realize noise-immune 
cavity-enhanced optical frequency comb spectroscopy (NICE-OFCS). In this 
chapter the basic theory and implementation of the NICE-OHMS is 
described first and it is followed by the theory and general implementation of 
the NICE-OFCS technique utilizing an FTS.  

7.1. Noise-immune cavity-enhanced optical heterodyne 
molecular spectroscopy  

In NICE-OHMS, the cw laser mode is locked to a cavity mode using the 
PDH technique. In addition to the PDH modulation frequency, fPDH, the 
electric field of the light is phase-modulated at a frequency equal to the FSR 
of the enhancement cavity, fm = FSR, so that when the laser carrier frequency 
is locked to a cavity mode; the sidebands are transmitted through the 
adjacent cavity modes as shown in Figure 7.1. Notice that a negative mode 
(with a downward arrow) means that the mode is out-of-phase compared to 
the laser carrier mode. The NICE-OHMS sidebands have their own PDH 
sidebands, and generate PDH signals that weakly contribute to the locking. 
Figure 7.2 shows a general setup for NICE-OHMS. 
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Figure 7.1. Illustration of the NICE-OHMS frequency matching. fPDH is the 
modulation frequency of the PDH locking technique and fm (equal to the FSR of 
the cavity) is the modulation frequency of the NICE-OHMS. The black curve 
shows the cavity modes. The laser carrier and NICE-OHMS sidebands are 
passing through the cavity modes (shown in blue), while the PDH sidebands are 
reflected from the cavity (shown in red).   

 
Figure 7.2. General implementation of NICE-OHMS. EOM: electro-optic 
modulator, fPDH: Pound-Drever-Hall modulation frequency, fm: FM modulation 
frequency, FC: fiber collimator, HWP: half-wave plate, PBS: polarizing beam 
splitter, QWP: quarter-wave plate, PDi: Photodetectors, BPF: band-pass filter, 
A: amplifier, LPF: low-pass filter, Ph: phase shifter. 

As in ordinary FMS [4], the transmitted intensity contains a beat signal at 
the modulation frequency. The intensity of the beat signal,

m

NICE OHMS
fI −  

under the  assumption of a small single pass absorption signal 2( / )FLα p , 
is given by [95] 
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 (7.1) 

where 0
tI  is the transmitted intensity through the cavity in the absence of 

absorber, Jk are the kth order Bessel functions, β is the frequency modulation 
depth (or index), fm is the modulation frequency, and jφ  and jδ  are the 
optical phase shift and attenuation of the jth mode of the FM triplet, 
respectively. 

 When the modulation frequency is perfectly matched (or locked) to the 
cavity FSR, the carrier and the sidebands are transmitted through their 
corresponding cavity modes in exactly the same way and any residual 
frequency noise on the laser affects them in an identical manner. Since the 
two sidebands are out-of-phase, the beating of the laser carrier with the 
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sidebands implies that the two out-of-phase signals cancel in the summation. 
Therefore, in the absence of absorption no signal is detected at the 
modulation frequency, making the technique immune to frequency-to-
amplitude noise conversion by the cavity. For retrieving the 
absorption/dispersion spectrum the FM triplet is scanned over the 
absorption line of the sample in the cavity, and the time domain 
transmission of the cavity is obtained by a photodetector. When the 
symmetry of the triplet is broken by an absorption feature, the two beating 
signal are not canceling each other anymore, and the synchronous 
demodulation of the photodetector output at the modulation frequency 
yields a NICE-OHMS absorption or dispersion signal, depending on the 
detection phase set by the phase shifter. 

Simulation of NICE-OHMS absorption 1 1( )δ δ− −  and dispersion 

1 0 12( )φ φ φ− − +  signals are shown in Figure 7.3, for a case when the absorption 
line has equal Doppler and collision broadening widths, and the modulation 
frequency is equal to these widths. The two signals have a zero background 
away from the absorption line, and their amplitude is proportional to the 
strength of the absorption line.  

 
Figure 7.3. NICE-OHMS (a) absorption and (b) dispersion signals, simulated 
for an absorption line with equal Doppler and collision broadening widths and a 
modulation frequency equal to these widths (ΓD = ΓL = fm). The frequency 
detuning of the triplet is shown in terms of the modulation frequency.  

7.2. NICE-OFCS principles 

In NICE-OFCS the OFC is locked to the enhancement cavity with two-
point PDH locking technique (see Sec. 6.4.1) and the electric field is 
additionally phase-modulated at a frequency equal to (a multiple of) the 
cavity FSR. The transmission through the cavity is sent to the FTS equipped 
with a single high bandwidth photodetector. The output of the photodetector 
is demodulated in the same way as NICE-OHMS signal, yielding the NICE-
OFCS interferogram, and finally a fast Fourier transform yields a NICE-
OFCS signal in the spectral domain. Figure 7.4 shows a general setup for 
NICE-OFCS (paper I). 
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Figure 7.4. General implementation of NICE-OFCS. OFC: optical frequency 
comb, EOM: electro-optic modulator, PHD: Pound-Drever-Hall locking, fPDH: 
Pound-Drever-Hall modulation frequency, fm: FM modulation frequency, FC: 
fiber collimator, HWP: half-wave plate, PBS: polarizing beam splitter, QWP: 
quarter-wave plate, PDi: Photodetectors, FTS: Fourier transform spectrometer, 
BPF: band-pass filter, A: amplifier, LPF: low-pass filter, Ph: phase shifter, FFT: 
fast Fourier transform. 

7.2.1. Comb/sideband-cavity matching 

In NICE-OFCS each comb mode and its sidebands need to be transmitted 
through a separate cavity mode in order to prevent overlapping and 
unwanted interference between the various frequency components. To 
transmit all of the comb modes and their sidebands through the cavity, the 
ratio between the frep of the comb and the FSR of the cavity has to be at least 
3, so that there are at least two ‘empty’ cavity modes in between those to 
which the comb modes are locked. The simplest way to achieve this is shown 
in Figure 7.5 (a), where each FM triplet is indicated by its own color. Since 
the beating between the higher and lower sidebands of the neighboring comb 
modes in this matching scheme lies exactly on the modulation frequency, it 
creates some artifacts in the demodulated signal due to the sideband-
sideband interaction. Therefore, to remove these artifacts an empty cavity 
mode should separate each triplet, reducing the FSR of the cavity to one 
fourth of the frep, as shown in Figure 7.5 (b). In theory this solution works 
perfectly, but in implementation it might be impractical. The typical frep of 
the commercially available mode-locked femtosecond lasers is usually equal 
to or less than 250 MHz, which yields an FSR of 62.5 MHz for the 
enhancement cavity. This results in a linear cavity length of 2.4 m, which is 
impractically long. To shorten the cavity length one can match every nth 
comb mode to every 4th cavity mode, where n is an odd number. In this way 
the cavity length will be shortened by a factor of 1/n at the expense of losing 
(n-1)/n of comb power in the transmission and n times higher effective 
repetition rate in the transmission, T

repf (see Sec. 5.1). Figure 7.5 (c) and (d) 
shows the matching for n=3, and two different modulation frequencies of 
fm=FSR and fm=3FSR, respectively. Note that generally the modulation 
frequency, fm, can be equal to 4 1( )q FSR± , where q is an integer (paper 
III). 
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Figure 7.5. Examples of matching the comb modes and their sidebands to the 
cavity modes. The black curves show the cavity mode structure in each case and 
each FM triplet is shown in a different color. (a) The simplest matching. (b) 
Eliminating the sideband/sideband beating. (c) and (d) Matching to a shorter 
cavity with two different modulation frequencies. The comb modes /sidebands 
that are transmitted through the cavity are shown with solid lines and reflected 
comb modes /sidebands are shown with dashed lines.  

7.2.2. Doppler-shift representation 

Assume that a sinusoidal phase modulation of the electric field, 
( )sin mtβ ω , with a small modulation index, 1β  , is used to create a pair of 

sidebands for each comb mode. The electric field of the transmitted light 
through the cavity is then given by 

 ( ) ( ) ( )

0 1 2 ,
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. .n mi k tn
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n k
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E t J T e c cω ωβ  + 

= ±
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where nE  and 02 2 ( )n n repnf fω pn p= = +  are the field amplitude and the 
angular frequency of the nth comb mode, 2m mfω p=  is the angular 
modulation frequency, ,n kT  is the complex transmission function of the 
cavity containing the absorber for the nth comb mode 0( )k =  or its sidebands 
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1( )k = ±  and . .c c  is its complex conjugate. The complex transmission 
function can be calculated using (4.11), which in the case of two identical 
cavity mirrors is given by   
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where t  and r  are the transmission and reflection coefficient of the mirrors, 
respectively. The single pass attenuation and phase shift of the light due to 
the absorption in the cavity can be calculated using (3.20) and (3.21) for each 
comb mode and its sidebands as 
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and 
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respectively, where ,
abs
n kχ  is the area normalized absorption lineshape 

function of the nth comb mode or its sidebands and ,
dis
n kχ  is their dispersion 

counterpart. 
The transmitted electric field enters the FTS and is split into the two 

interferometer arms. Assuming two connected back-to-back retroreflectors 
in the FTS (see Figure 6.1) moving at a constant velocity of v , the two 
interfering fields of the two arms at the output of the FTS (PD1 in Figure 7.4) 
are Doppler shifted in opposite directions, see Eq. (6.1). The positive and 
negative Doppler shifted phase modulated fields, ( )E t± , are then given by 

 ( ) ( )
( )

2

0 1 4

Δ

,
,

. .
n mi k t

cn
k n k

n k

E
E t J T e c c

ω ω
β

  + ±    
±

= ±
= +∑ ∑ ,  (7.6) 

where 4Δ vt=  is the OPD between the two arms in the interferometer. 
Figure 7.6 shows the frequency domain representation of E±  and the 
beatings at fm that contribute to the NICE-OFCS interferogram. The intensity 
of the light at the modulation frequency has two contributions. The first one 
is the beating of the comb modes with their own sidebands in each arm of 
the interferometer, indicated by the orange dashed arrows, which after 
demodulation at fm yields a DC offset. The second contribution is the beating 
of the comb modes of the electric field traveling in one arm with the 
sidebands of the field from the other arm (and vice versa), indicated by the 
purple dotted arrows. This beating constitutes the NICE-OFCS 
interferogram (paper III, VII).  



 

69 

 
Figure 7.6. Frequency domain illustration of the two Doppler shifted phase 
modulated electric fields at the FTS output and the beatings that contribute to 
the DC offset (orange dashed arrows) and the NICE-OFCS interferogram 
(purple dashed arrows). The vertical dotted blue lines correspond to the optical 
frequencies that are not Doppler shifted. Note that the Doppler shift is 
exaggerated.  

7.2.3. Interferogram 

The NICE-OFCS interferogram is given by (paper III) 
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where 2
0 2/n nI c Ee=  is the intensity of each comb mode. This signal contains 

one in-phase [multiplied by sin( )mtω ] and one out-of-phase [multiplied by 
cos( )mtω ] component. Each of the components comprises a sum of two 
terms, each consisting of a product of three factors. The first factor is the 
sine/cosine function of the down-converted modulation frequency, 

2/ ,m cω ∆  which yields a slowly varying envelope over the interferogram. 
The second factor is the sine/cosine function of the down-converted optical 
frequency, /n cω ∆ , which after summation over all frequencies constitutes 
the quickly oscillating part of the interferogram (the burst). The last factor 
includes the contributions from the complex cavity transmission function for 
each comb mode and its sidebands, including the cavity roundtrip phase and 
the attenuation and phase shift due to the absorber.  
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Eq. (7.7) can be used to model the signals measured for arbitrary 
absorption values. However, for a weakly absorbing sample where both 

0 1, ,n nδ δ ±−  and 0 1, ,n nφ φ ±−  are 1 , the complex cavity transmission 
function at the resonance frequencies of the cavity can be approximated by 
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retrieved by applying series expansion for the exponential functions in Eq.  
(7.3) and the same simplifying approach that was used for the derivation of 
Eq. (4.14). Notice that F is the frequency dependent cavity finesse and the 
comb-cavity offset induced by the two-point PDH lock is neglected, 
assuming a perfect matching for all of the comb modes and their sidebands 
with the corresponding cavity modes ( 2,n k qϕ p= , where q is an integer). 
Under these conditions, and neglecting the second order terms ( 2

,n kδ , 2
,n kφ ) 

the NICE-OFCS interferogram is simplified to (paper III) 
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Therefore, the in-phase component contains two dispersion factors, while 
the out-of-phase component contains two absorption factors. Note that when 
the OPD is equal to zero (Δ=0), the expression for each in-phase/out-of-
phase term reduces to the signal retrieved in NICE-OHMS, Eq. (7.1).  

The second absorption factor in the out-of-phase component has a 
different shape as compared to the other absorption/dispersion factors. In 
this factor the attenuations of a comb mode and its sidebands combine with 
the same sign yielding a stronger signal. It also contains a background in the 
absence of the molecular transition. This background yields a large 
interferogram burst when is multiplied by the down-converted optical 
frequency comb and summed over all frequencies. Figure 7.7 (paper VII) 
shows a simulated NICE-OFCS interferogram corresponding to the out-of-
phase component in Eq. (7.9). The two slowly varying envelope over the 
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interferogram due to the sine and cosine function of the down-converted 
modulation frequency are shown with dashed and dotted curves, 
respectively. The interferograms consist of three short bursts separated by 
c/frep, whose amplitude follows the sine envelope and no burst is visible at 
zero OPD. Notice that a symmetric acquisition range of c/frep around the 
largest burst (as shown in Figure 7.7) yields the largest signal from the 
second absorption factor, after the FFT operation.  

  
Figure 7.7. Simulation of the out-of-phase component of the NICE-OFCS 
interferogram (normalized to the maximum value), together with the sine and 
cosine envelopes (dashed and dotted curves, respectively) for modulation 
frequency of fm = FSR. A symmetric acquisition range of c/frep around the largest 
burst is shown as well.  

7.2.4. Noise immunity  

Since the second absorption factor in the out-of-phase component is 
nonzero in the absence of an absorber, it violates the noise-immune 
condition. However, after summation over all comb modes the interferogram 
originating from this term has a form of a very short burst, as is shown in 
Figure 7.7. Therefore, the frequency-to-amplitude noise couples in only 
during a small fraction (typically <1%) of the OPD scan in the FTS, which 
makes this noise contribution negligible. 

The NICE-OFCS interferogram resides on a DC offset originating from the 
beating of the comb modes in each arm with their own sidebands, as 
described above, given by (papers III, VII) 
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In the weakly absorbing sample approximation, this offset can be expressed 
as (paper III) 
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It is important to note that the DC offset is zero in the absence of an 
absorber. Therefore the DC offset does not contribute to any intensity noise 
due to the frequency-to-amplitude noise conversion, which is the key to the 
noise-immunity of the FTS-based NICE-OFCS technique. 

7.2.5. Signals  

Figure 7.8 shows simulations of the NICE-OFCS in-phase dispersion 
terms [ , 1 ,0 , 1( / )( 2 )p φ φ φ− +− +n n nFL  in (a) and , 1 , 1( / )( )p φ φ− +−n nFL  in (b)] and 
out-of-phase absorption terms [ , 1 , 1( / )( )p δ δ− +−n nFL  in (c) and 1 ( / )p− FL

, 1 ,0 , 1( 2 )δ δ δ− ++ +n n n  in (d)] retrieved from Eq. (7.9), for the case of an  
absorption line with equal Doppler and collision broadening width, which in 
turn is equal to the modulation frequency. The relative cavity-enhanced 
absorption at the center frequency of the transition 02( / )F Lα p  is equal to 
10%. As expected, the two dispersion terms in Figure 7.8 (a) and (b) and the 
first absorption term in (c) have zero background, while the second 
absorption term in (d) has a nonzero background and a much larger 
amplitude. The nonzero background of this term can be used for 
normalization of the spectrum, making NICE-OFCS a calibration-free 
technique in contrast to NICE-OHMS (paper III). Therefore, considering 
these two advantages the out-of-phase interferogram is the preferred mode 
of operation. 
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Figure 7.8. NICE-OFCS in-phase dispersion terms in (a) and (b) along with 
the out-of-phase absorption terms in (c) and (d) simulated for an absorption 
line with equal Doppler and collision broadening widths and a modulation 
frequency equal to these widths (ΓD = ΓL = fm). Notice that the second out-of-
phase absorption term shown in (d) has a non-zero background and much 
higher amplitude than the other absorption and dispersion terms.  

7.2.6. Optimum modulation frequency  

The magnitude of the different absorption and dispersion factors depends 
on the ratio of the modulation frequency to the linewidth of the probed 
transitions. Both dispersion factors present in the in-phase interferogram, as 
well as the first absorption factor present in the out-of-phase interferogram, 
are maximized when the modulation frequency is roughly equal to the 
FWHM linewidth of the probed absorption lines, Γabs ≈ fm, as is the case in 
ordinary FMS or NICE-OHMS [79]. For lower modulation frequencies (i.e., 
in the under-modulated case), these dispersion and absorption factors 
become a small fraction of 0φ (phase shift of the field at the center frequency 
of the transition) or 0δ  (attenuation of the field at the center frequency of the 
transition) [4], respectively. The second absorption factor, however, has a 
different dependence on the fm/Γabs ratio, since the attenuations of a comb 
mode and its sidebands combine with the same sign. In contrast to the other 
three factors, this factor is on the order of 0δ  also in the under-modulated 
case and is maximized for the minimum possible modulation frequency. 
Since the modulation frequency should always follow the general rule of 
fm=(4q±1)FSR, the optimum modulation frequency is fm=FSR (paper VII).   

7.2.7. Full and simplified models 

The full model of the NICE-OFCS out-of-phase spectrum is obtained by 
taking the magnitude of the FFT of the NICE-OFCS interferogram calculated 
using Eq. (7.7). However, this procedure is computationally challenging and 
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time consuming, as it involves summation over many optical frequencies.  A 
simplified model of the NICE-OFCS spectrum that is much faster to 
compute, is given by the last dominating factor in the out-of-phase 
interferogram in Eq. (7.7), i.e., 0 1 0 1

* *
, , , ,Re( )n n n nT T T T− ++ . This simplified model 

neglects the contribution from the first term in the out-of-phase 
interferogram as well as the sine envelope multiplying the second term. We 
investigated the accuracy of this simplified model by comparing it to the full 
model for different fm/Γabs ratios in paper VII. We found that the accuracy 
of this simplified model depends on the fm/Γabs ratio and that it is best for 
low fm/Γabs ratios. Therefore by choosing the NICE-OFCS modulation 
frequency to be the lowest possible, i.e. equal to the cavity FSR, not only the 
signal is maximize, but also the best possible accuracy of the simplified 
model is achieved.  
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8. Continuous-filtering Vernier 
spectroscopy  

In the previous chapters the CE-OFCS based on FTS is shown to yield a 
broadband spectrum and high detection sensitivity either by providing noise 
rejection (auto-balanced detection) or noise immunity (NICE-OFCS). In 
addition, by the sub-nominal resolution method, it can reach an ultra-high 
spectral resolution and precision. However, CE-OFCS based on FTS needs a 
tight locking between the comb and the cavity by controlling both frep and f0 
of the OFC, which is not always feasible particularly for MIR OFC sources 
(e.g. OFC sources based on a DFG). In addition, the dispersion of the 
enhancement cavity limits the maximum spectral bandwidth of the 
spectrometer and the FTS is a bulky system with measurement times in the 
order of a second. For the applications in which a short measurement time 
and a compact detection system are more important than high spectral 
resolution, high frequency precision and absolute frequency calibration; 
and/or the tight locking of the OFC to the cavity is not feasible, continuous-
filtering Vernier spectroscopy (CF-VS) can be used instead of the FTS.  CF-
VS is a recently developed technique [54] that allows the acquisition of 
broadband and cavity-enhanced comb spectra with medium to high 
resolution in measurement times of the order of a few tens of ms using a 
compact and robust detection system. In this chapter the theory and general 
implementation of the CF-VS technique is discussed.  

8.1. Theory  

Assume an OFC and an enhancement cavity at the perfect matching of 
FSRPM = mfrep [n=m and q=1 in Eq. (5.1)] where FSRPM = c/2nrLPM and LPM is 
the PML of the cavity. To achieve the continuous-filtering Vernier regime 
(see Sec. 5.2.2) the cavity length, L, is detuned from the PML by a value of 
|ΔL|<LPM/F, so that L = LPM + ΔL, where F is the finesse of the cavity and the 
ΔL value can be either negative or positive. The cavity FSR is changed to  
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and the resulting Vernier orders are centered at frequencies ([55] and paper 
IX) 
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within the comb bandwidth, where k is an integer number of the Vernier 
order and 0fδ  is the mismatch between the offset frequencies of the comb 
and the cavity. Note that for high Vernier orders 1( )k , the center 
frequency of the orders can be simplified as 2/ Δk rck mn Ln ≈ .  

Figure 8.1 shows three consecutive Vernier orders in the special case of 
m=1, for a cavity with a finesse of F=10 and cavity length detuning of 

0 017Δ . PML L= − . 

  
Figure 8.1. Continuous-filtering scheme for (a) three consecutive Vernier 
orders and (b) a zoom to the center order. The cavity modes are shown in black 
and the vertical dashed blue lines are the position of the comb modes [not 
shown in (a)]. The vertical red lines indicate the comb modes transmitted 
through the cavity and the red markers show the intensity of each transmitted 
mode.  

The separation of consecutive Vernier orders is given by the Vernier free 
spectral range, 
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and the FWHM of the Lorentzian-shape envelope of the orders is given by 
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For an empty high finesse cavity the intensity transmission function of nth 
comb mode inside the kth Vernier order, ( ),V

c
n kT n n , is given by a Lorentzian 

function [55] 
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where res
cT is the on resonance cavity transmission given by Eq. (4.6) and nn

is the optical frequency of the nth comb mode given by Eq. (2.3). Therefore, 
the transmitted intensity of the kth order, ( )0

T
kI n , will be 
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where kn  is the closest comb mode number to the center of the Vernier 
order, and nI  is the intensity of the nth comb mode. The summation is 
around the center of the Vernier mode with a span of half of the Vernier free 
spectral range.  

As is mentioned in Sec. 5.2.2, to record the CF-VS spectrum, the intensity 
of a selected order is measured using a photodetector while the order is 
tuned across the comb spectrum by tuning of the cavity length (or the 
repetition rate of the comb). To keep the intensity fluctuations of the selected 
Vernier order below the relative noise level on the CF-VS spectrum while the 
order is scanned over the OFC spectrum, there should be a minimum 
number of comb modes transmitted inside the selected order. For instance, 
to keep the relative fluctuations below 10-6, at least 5 comb modes should be 
transmitted inside the FWHM of the order [55]. This condition defines the 
lower limit of the “continuous-filtering” regime with negligible effect on the 
measured molecular spectra and limits the lowest achievable resolution to 
5mfrep in the continuous-filtering limit.  

Assuming negligible intensity fluctuations of the kth Vernier order, the 
summation in Eq. (8.6) can be replaced by integration over the envelope of 
the Lorentzian function of the Vernier order transmission, yielding the 
intensity of the kth order as [55] 
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where ( )I n  is the spectral intensity of the unresolved comb modes. 
In the presence of an absorber the envelope of the cavity transmission 

function for the group of comb modes inside the kth Vernier order, ( )V
A

kT n , 
is given by  [55] 
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Therefore, the intensity of the kth Vernier order in presence of an absorber 
will be 
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In the presence of an absorbing species, the cavity modes in the vicinity of 
a molecular transition are broadened, their maximum transmissions are 
reduced and their center frequencies are shifted away from the transition 
frequency. These three effects modify the profile of the Vernier order 
envelope. The effect of transmission reduction and mode broadening is the 
same for positive and negative values of ΔL, while the shift of cavity 
resonance frequencies has a different effect depending on the sign of ΔL. In 
the absence of absorption, when ΔL is negative the comb modes within a 
Vernier order are detuned from their respective cavity modes towards the 
center of the Vernier order [see Figure 8.1 (b)], while the opposite is true 
when ΔL is positive. In the presence of absorption, because of these different 
initial positions, the shift of the cavity modes caused by molecular dispersion 
induces a narrowing of the Vernier order in the negative case and a 
broadening of the order in the positive case. The final CF-VS normalized 
spectrum, given by the ratio of Eqs. (8.9) and (8.7), has a higher contrast for 
a negative than for a positive ΔL. In the limit of low absorption, the 
molecular signal takes the same shape for both signs of ΔL and can be 
approximated by 1 /α p− FL [54, 55].  

In both positive and negative mismatch cases the comb modes inside a 
Vernier order reside on the different slopes of the cavity modes on the higher 
and lower frequencies than the center frequency of the Vernier order [see 
Figure 8.1 (b) for the negative mismatch case]. Therefore, any frequency 
jitter between comb and cavity increases the transmitted intensity on one 
side of the order, while decreasing it on the other side by roughly the same 
amount. This effect eliminates the frequency-to-amplitude noise conversion 
efficiently providing inherent noise immunity for CF-VS. 

In the presented equations, the comb-cavity mismatch is obtained by a 
slight change of the cavity length. Notice that the mismatch could be 
retrieved by a slight change of the comb repetition rate instead of the cavity 
length, and similar equations could be derived for this case.  

8.2. General implementation 

To retrieve a CF-VS spectrum, the Vernier orders are scanned over the 
comb spectral range by sweeping either the cavity length or the frep of the 
comb. The maximum scanning speed of the Vernier order is limited by the 



 

79 

cavity response time, i.e. to avoid distortion the cavity modes must be 
scanned adiabatically across the comb modes. This condition is given by [55]  
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where cΓ is the FWHM of the cavity mode.  
Since the cavity transmission contains different neighboring Vernier 

orders, a diffraction grating is used to physically separate the orders and the 
selected order is imaged onto the detection system as is shown in Figure 8.2. 
The selected Vernier order in the dispersed beam is passed through an iris, 
while the lower and higher orders are blocked. However, since the Vernier 
orders are scanned across the comb spectrum, the diffraction angle of the 
selected order changes and the beam moves across the photodetector. 
Therefore the grating should rotate accordingly to keep the direction of the 
selected order fixed. A galvo scanner is used to rotate the grating 
synchronously to the FSR/frep scan and allow continuous acquisition of the 
entire spectrum.  

 
Figure 8.2. General implementation of CF-VS. OFC: optical frequency comb, f: 
lens, DM: D-mirror, PDi: Photodetectors. 

The simultaneous scanning of the grating and cavity length provides good 
initial spatial stability of the Vernier order; however, an active lock is needed 
to compensate for nonlinearities in the galvo and cavity length scans as well 
as any drifts and fluctuations in the system. For achieving an odd error 
signal to be used for stabilization of the beam direction, the beam of the 
selected Vernier order is cut by a D-mirror (D-shaped mirror) and the two 
resulting beams are focused onto two photodetectors. The difference of the 
outputs of the two photodetectors constitutes the error signal, while the sum 
yields the Vernier signal. When the beam is cut exactly in half by the D-
mirror, both photodetectors see the same intensity and the difference of the 
signals is zero. When the beam moves horizontally, the output signals of the 
photodetectors become unbalanced, the sign of the differential signal yields 
the direction in which the beam moves and the amplitude of it is 
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proportional to the beam movement. The error signal is sent to a PI 
controller and the retrieved correction signal is send to the frep actuator of 
the OFC. The f0 of the OFC can be free running without any influence on the 
retrieved spectrum. More details on the CF-VS implementation (specifically 
in MIR) is covered in chapter 15. 
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9. Absorption sensitivity and detection 
limit 

According to Eq. (3.7), the frequency dependent absorption coefficient (or 
absorbance) is the product of the relative concentration of the absorber in 
the gas sample, the integrated gas line strength of the transition, the total 
pressure of the sample, and the area normalized absorption lineshape 
function of the transition. Thus the relative concentration of the absorber 
can be found from an absorption spectrum if the other parameters are 
known. In practice, by using these known parameters and fitting the 
developed theoretical model of the spectrum (for any specific technique) to 
the acquired spectra, the relative concentration of the absorber is retrieved. 
In cw laser spectroscopy, usually one absorption line is retrieved for each 
species and the fit to a single absorption line yields the concentration of the 
absorber. In contrast, in optical frequency comb spectroscopy a broadband 
spectrum is measured which covers multiple absorption lines of the different 
species in the sample. Therefore one can fit a broadband model of the 
absorption spectrum of each absorber to the measured spectra, increasing 
the sensitivity and precision of the retrieved concentration. Furthermore, the 
unwanted broadband baseline and etalon fringes can be fitted out from the 
measured spectra, thanks to the broad spectral coverage of the comb. The 
broadband baseline is modeled by a low order polynomial function and the 
etalon fringes by a sum of few low frequency sine waves. The multiline fitting 
of the absorption spectrum and broadband fitting of the baseline and etalon 
fringes is performed simultaneously.  The integrated gas line strength of the 
transition and different parameters needed for calculating the 
absorption/dispersion lineshape functions of the transition are retrieved 
from the HITRAN (high-resolution transmission) molecular absorption 
database, “a compilation of spectroscopic parameters that a variety of 
computer codes use to predict and simulate the transmission and emission 
of light in the atmosphere” [96]. 

Assuming that the etalon fringes and the broadband baseline are 
effectively modeled and removed from the spectrum, the minimum 
concentration of the absorber that can be measured (or the detection limit) 
depends on the noise level in the system. As mentioned earlier in chapter 1, 
different noise types exist in the OFCS which need different strategies to be 
suppressed. Furthermore, the absolute minimum detectable concentration 
depends on the long term stability of the system as well. The Allan-Werle 
plot [97] of the retrieved concentration is a powerful tool for estimating the 
long term stability and as a result the absolute minimum detection limit of a 
spectrometer.   
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In this chapter a brief overview of the transition parameters listed in the 
HIATRAN database, which are used for multiline fitting, along with the 
multiline fitting process are presented. Different types of noise important in 
spectroscopy and two special parameters for comparing the performance of 
absorption spectroscopy techniques are discussed. Finally, the Allan 
deviation and Allan-Werle plot, as well as the minimum absorption 
sensitivity of different spectroscopy techniques due to the shot noise limit 
are presented.   

9.1. The HITRAN database 

The HITRAN database includes different parameters of the absorption 
lines of many gas phase species which are either calculated or experimentally 
measured. The accuracy of the calculate parameters are generally lower than 
the experimentally measured parameters. The parameters that we retrieve 
from HITRAN are:  

1. The wavenumber of the spectral line transition (center of the 
absorption line) in vacuum in 1cm− , 

2. The integrated molecular line strength in 1 2cm /molecule/cm− −  at 
reference temperature of Tref = 296 K, 

3. The air-broadened half width at half maximum (HWHM) in 1cm−  
at Tref = 296 K and reference pressure of pref = 1 atm, 

4.  The self-broadened HWHM in 1cm−  at Tref = 296 K and pref = 
1 atm,  

5. The pressure shift in 1cm−  at Tref = 296 K and pref = 1 atm of the 
line position with respect to the center of the absorption line in 
vacuum. 

Using these parameters and assuming a Voigt profile for the lineshape 
function of the absorber, the corresponding model spectrum of any specific 
spectroscopy technique can be evaluated numerically and fit to the measured 
spectrum. For different pressures than the reference, the air-broadening, 
self-broadening, and pressure-dependent line shift should be multiplied by 
the experimental pressure measured in atm unit.  

For different temperatures than the reference, the temperature 
dependence of the molecular line strength, air-broadening, and self-
broadening should be taken into account. To calculate the temperature 
dependence of these parameters, two more parameters are needed from the 
HITRAN database: 

1. The lower-state energy of the transition in 1cm− , E′′  , and 
2. The coefficient of the temperature dependence of the air-

broadened half width, airn . 
The integrated molecular line strength at a different temperature ( )S T  is 
given by [98] 
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where ( )refS T  is the integrated molecular line strength at reference 
temperature, Q  is the total internal partition function, 2 / Bc hc k= is a 
constant [in which 346 626 10. (Js)h −≈ ×  is the Plank constant], and 0n  is the 
center frequency of the absorption line, 0n . The ratio of total internal 
partition functions can be calculated using the HITRAN Application 
Programming Interface (HAPI) [98]. The temperature dependence of the 
air- and self-broadened half width at half maximum / ( )self air Tγ  is given by 
[98] 

 ( ) ( )/ /

airn
ref

self air self air ref
T

T T
T

γ γ
 

=  
 

. (9.2)  

9.2. Multiline fitting 

Multiline fitting is performed by a linear or nonlinear least-squares 
method. The linear method is used when the frequency dependent 
absorption coefficient can be analytically calculated in a closed form (i.e. no 
enhancement cavity). In this case a summation of the corresponding model 
of the absorption spectrum (calculated as explained in Sec. 9.1) of each 
species in the sample with an initial estimated absorber concentration, a low 
order polynomial function to model the baseline and a sum of few low 
frequency sine waves to model the etalon fringes are simultaneously fit to the 
measured absorption spectrum. The linear method is valid as long as all of 
the fitting parameters linearly scale the corresponding calculated 
models/functions; therefore, it can only be used for direct OFCS with a single 
or a multipass cell for a known pressure and temperature.  

If one (or more) fitting parameter does not linearly scale the model of the 
spectrum, the nonlinear fitting method should be utilized. The nonlinear 
least-squares method (e.g. Gauss–Newton algorithm) is also able to fit 
multiple variables of the modeled spectrum simultaneously; so in addition to 
the concentrations of the absorbers, other parameters (such as pressure, 
temperature, comb-cavity offset in CE-OFCS and NICE-OFCS, or Vernier 
order number in CV-FS) can be a fitting variable. However, the nonlinear 
least-squares method is much slower than its linear counterpart. It is usually 
based on the linearization of the model (by a first order derivative) with 
respect to each parameter around the estimated initial values, and solving 
the linear problem. The final solution (least squares of the difference) is 
found after successive iterations. 
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Figure 9.1. A typical result of a linear fitting routine. (a) The measured 
absorption spectrum of 4.9(1) ppm of CH4 in N2 along with a baseline in black. 
(b) The fitting result which yields the absorption model spectrum in blue with a 
CH4 concentration of 4.91(16) ppm and the baseline in red. (c) The baseline is 
subtracted from the measurement to yield the baseline-free absorption 
spectrum in green. (d) The residual of the fit in black.   

Figure 9.1 shows a typical result of the linear multiline fitting routine. The 
measured absorption spectrum of 4.9 ppm of CH4 in N2 at 100 Torr using 
OFCS with a multipass cell and an FTS is shown (in black) in panel (a), 
which contains the measurement baseline as well. The multiline fitting of the 
absorption model spectrum of CH4 (in blue) yields a concentration of 
4.91(16) ppm (the error is the standard deviation of 10 consecutive fits to 
measurements), as well as the baseline (in red) in panel (b). Panel (c) shows 
the measured absorption spectrum after removing the baseline (or the 
baseline-free absorption spectrum) and panel (d) depicts the residual of the 
fit, which in ideal case should only contain the measurement noise.  

It has been shown that the retrieved minimum detection limit of an OFC 
based spectrometer using the multiline fitting not only depends on the SNR 
of the spectra of the target species but also on the shape of their spectra, 
scaling with the square root of the integrated absorption (the area under the 
spectrum) [40]. This is intuitively understandable since a larger area under 
the spectrum results in more nonzero absorption points on the spectrum 
which can participate in the fitting routine. 

9.3. Types of noise  

Different noise types can affect the measurement spectrum in different 
systems. This classification is independent of the noise sources (e.g. 
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mechanical, acoustic, thermal or frequency-to-amplitude conversion) and is 
more general. The two most important noise types are flicker noise and 
white noise. 

9.3.1. Flicker (1/f) noise 

The spectral density of the flicker noise is inversely proportional to the 
frequency. This is the reason it is also called 1/f noise. As mentioned in 
chapter 1, the important sources of the flicker noise in OFC based 
spectroscopy are the RIN of the laser and the mechanical/acoustic noise 
from the environment. The frequency-to-amplitude noise conversion in CE-
OFCS is mostly of flicker type, since the remaining fluctuations of the comb-
cavity after the locking (mainly due to the limited bandwidth of the tight 
locking) have a 1/f power spectral density frequency dependence. Different 
modulation methods as well as noise cancelation techniques and noise 
immune detection schemes are used to suppress the flicker noise.  

9.3.2. White noise 

The spectral density of the white noise is constant and independent of the 
frequency. Two main white noise sources in the OFCS are thermal noise of 
the detector (or detector noise) and shot noise.  

Thermal noise originates from the thermal fluctuations of the electrons in 
an electrical conductor at equilibrium, regardless of any applied voltage. 
Modeling the detector with an equivalent resistance, R, at temperature T, the 
standard deviation of the voltage produced over the resistor by the thermal 
noise,

Th

Vσ , is given by  

 4
Th

V
Bk TR fσ = ∆ ,  (9.3) 

where f∆ is the bandwidth over which the noise is measured.  
Shot noise originates from current fluctuations that occur when a 

macroscopic current starts to flow in a conductor due to an external bias. 
These fluctuations are due to the discrete nature of the electrons, whose 
movements produce the current. The standard deviation of the shot noise 
current , i

Shotσ , produced due to the current i , is given by 

 2
Shot

i ie fσ = ∆ ,  (9.4) 

where 191 6 10.    Ce −×≈  is the electron charge.  
Notice that the thermal noise of a component can be reduced by cooling it 

or reducing its equivalent impedance, while the shot noise of a component is 
the fundamental noise that cannot be suppressed. 
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9.4. Noise equivalent absorption and figure of merit 

Different OFCS techniques have different spectral bandwidths, 
resolutions, sensitivities and measurement times. To compare the 
performance of different techniques it is easier to define a special parameter 
which combines all of these characteristics. The two widely used parameters 
are the noise equivalent absorption (NEA) and figure of merit (FoM).  

Noise equivalent absorption coefficient is generally defined as the 
minimum detectable absorption coefficient in a given measurement time. To 
consider the measurement time of each technique, the noise equivalent 
absorption coefficient can be normalized to the corresponding measurement 
time. Therefore, in practice NEA (in units of [cm-1 Hz-1/2]) is calculated by  

 
2

norm
eff

TNEA
L

σ= ,  (9.5) 

where normσ  is the standard deviation of the noise on the ratio of two 
consecutive background spectra, T  is the measurement time of a single 
spectrum (in s) and Leff  is the effective interaction length (in 1cm− ). Both 
sensitivity and measurement time of the spectrometer are considered in the 
NEA. Notice that for calculation of normσ  the baseline of the normalized 
background spectrum is removed by a fitting routine, since normσ  should 
only contain the noise level of the measured spectrum. 

Since the spectral resolution and bandwidth of the spectrometer are not 
considered in the NEA, one can normalize the NEA to the number of spectral 
elements, M , to obtain a more comprehensive parameter, usually known as 
the figure of merit (FoM), 

 
2

norm
eff

NEA TFoM
M L M

σ= = . (9.6) 

Notice that in NEA and FoM, the measurement time is normalized to one 
second. For any spectrometer, if the measurement time of a single spectrum 
is equal or larger than a second this normalization is always valid. However, 
if the measurement time is shorter than a second the normalization is only 
valid when the spectrum stays in the white-noise-dominated regime for at 
least one second averaging time. The span of the white-noise-dominated 
regime can be found by Allan-Werle plot.  

9.5. Allan deviation and Allan-Werle plot 

As long as the measurement result of any system is limited by white noise, 
the SNR of the measurement can be improved by averaging. After a certain 
averaging time, which depends on the stability of the system, the long term 
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drifts prevent any further improvement in the SNR by averaging. The Allan 
deviation is a proper analytical tool to quantify this limit. 

The Allan deviation/variance was originally developed to determine the 
stability of the crystal oscillators and atomic clocks by D. W. Allan [99], and 
later P. Werle et al. described how to utilize the concept in absorption 
spectroscopy [97]. To calculate the Allan deviation, a long set of data points 
in the time domain is measured, e.g. xi with i = 1,2,…,N using a measurement 
time of Δt for each data point. This measurement set is divided into M 
subgroups, each containing j = N/M elements and the mean value of each 
subgroup, s = 1,2,…,M,  is calculated as  

 ( ) ( )1
1

1 j

s s j l
l

A j x
j − +

=
= ∑ . (9.7) 

The Allan deviation, Allanσ , for a given averaging time of j tt = ∆  is given by 

 ( ) ( ) ( ) ( )
1 2

1
1

1
2 1Allan

M

s s
s

A j A j
M

σ t
−

+
=

 = − − ∑ .  (9.8) 

Therefore the Allan deviation for each subgroup is the square root of the 
normalized sum of the squared differences between each consecutive mean 
value.  

In OFCS, the Allan deviation can be calculated for the minimum 
detectable relative absorption, absorbance, or concentration of a particular 
species retrieved from the multiline fitting. To retrieve the noise equivalent 
concentration detection limit of an OFCS system using the Allan deviation, 
N+1 background spectra in the absence of the target species are measured 
consecutively and normalized to the first measured spectrum. Afterward a 
sum of the spectral models of the target species (for the corresponding 
spectroscopic technique with concentration as the fitting parameter) 
together with a baseline (consists of a low order polynomial function in 
addition to a sum of a few sine waves) is fitted to these normalized spectra. 
The Allan deviation of the retrieved concentrations in terms of the averaging 
time,t , yields the Allan-Werle plot. Any point on the Allan-Werle plot shows 
the minimum detectable concentration of the target species for the 
corresponding averaging time. Figure 9.2 shows the Allan-Werle plot for the 
minimum detectable CH4 concentration using our CF-VS system (paper 
IX). The fitted dashed line shows the white-noise-dominated region which 
has a slope of 1 2t − . Thus the measurement results can be averaged up to ~16 
seconds without any effect from the long term drift and the spectrometer can 
reach an absolute detection limit of ~90 ppt. Note that further averaging 
yields a larger detection limit.  
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Figure 9.2. Allan–Werle plot of the minimum detectable CH4 concentration 
retrieved from CF-VS (dots) and the linear fit to the white-noise-dominated 
regime (dashed line). 

The Allan deviation can also be calculated in the presence of the target 
species. In this case the concentration of the target species should be 
completely fixed (i.e. have a better long term stability than the 
spectrometer), otherwise it affects the results of the Allan deviation. This 
condition is very hard to be met, thus the measurement is usually performed 
in the absence (concentration lower than the absolute detection limit of the 
spectrometer) of the target species. 

9.6. Absorption sensitivity in shot-noise-dominated regime 

The absolute possible minimum detection limit of any spectrometer is 
dictated by the fundamental shot noise limit. For direct absorption 
spectroscopy using a cw laser and in the limit of small absorption 
approximation 1( )effLα  ,  the transmitted power is ( )0 1T effP P Lα≈ −  [see 
Eq. (3.9)], where P0 is the incident power. Assuming the entire transmitted 
power is imaged onto a photodetector, the output voltage of the photodiode 
is given by 

 ( )0 1det det det detDet T effV R P R P Lη η α= = − ,  (9.9) 

where Rdet is the transimpedance gain (in Ω) and ηdet is the responsivity of 
the photodetector (in A/W). The detected voltage can be separated into a 
background signal, VBG = Rdet ηdet P0, and an analytical signal due to the 
absorption, given by  

 0det detAbs effV R P Lη α= − . (9.10) 

Using Eq. (9.4), the shot noise limit in the output of the photodetector, 
Shot

Vσ , 
is given by 

 02det detShot

V R P e fσ η= ∆ .  (9.11) 
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Therefore the minimum detectable relative absorption under the shot noise 
limited condition, ( )DAS

mineffLα , occurs when the amplitude of the analytical 
signal is equal to the shot noise limit voltage, min

Shot

V
AbsV σ= , and is given by 

[9]  

 ( )
0 0

2DAS

min
det det det

ΔShot

V

eff
e fL

R P P

σ
α

η η
= = . (9.12) 

Different OFCS techniques have different detection limits in the shot-
noise-dominant regime. To compare these limits, let us for simplicity assume 
the same photodetector responses and also the same optical power level 
reaching the detection systems of the different techniques.  

For (CE-)OFCS based on an FTS and a balanced (auto-balanced) detector 
the minimum detectable relative absorption is given by 

 ( )
0

2 2
CE-OFCS

min
det

Δ
eff

e f ML
P N

α
η

= × × ,  (9.13) 

where M is the number of resolved elements in the spectrum, defined as the 
spectral bandwidth divided by the resolution, and N is the number of data 
points in the interferogram [53, 100]. The first term is the shot noise limit in 
direct absorption with a cw laser, while the second term is specific to the 
FTS, reflecting both the conversion of SNR from the time to the frequency 
domain, given by /M N , and the normalization to the number of spectral 
elements, i.e., 1/ M . The last factor of 2  is caused by using two (identical) 
photodetectors in the balanced detection. Notice that since Δf is the 
measurement bandwidth in the time domain, assuming a measurement time 
of T for the interferogram, one can write Δf =N/T, thus 

 ( )
0

2 2
CE-OFCS

min
det

eff
e ML
P T

α
η

= × × . (9.14) 

For NICE-OFCE based on FTS, the detection limit is given by (paper I) 

 ( ) ( ) ( )0 0 1

2 1NICE-OFCS

min
det

eff
e ML
P T J J

α
η β β

= × × ,  (9.15) 

where the last term is due to the phase modulation of the OFC in which Jk(β) 
is the kth order Bessel function of the modulation index, β. Notice that 
compared to CE-OFCS the factor of 2  is removed due to the use of a single 
photodetector, but the power of the signal in NICE-OFCS is intrinsically 
lower by a factor of [J0(β) J1(β)], resulting in a higher shot noise detection 
limit in total. The effective interaction length for both CE-OFCS and NICE-
OFCE is equal to 2FL/π, since they are both using a tight two-point PDH 
locking (assuming zero comb-cavity offset) as shown in Eq. (4.14). 
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In VF-CS the measurement is directly performed in the frequency domain, 
therefore 

 ( )
0

2 1 2
CF-VS

min
det

Δ
eff

e fL
P M

α
η

= × × ,  (9.16) 

where 1/ M  term is the normalization factor to the number of spectral 
elements, and the  factor of 2  is again due to the use of two (identical) 
photodetectors in the detection system. Since the selected Vernier order is 
scanned over M spectral elements in a time T, the measurement bandwidth 
is given by Δf = M/T, so   

 ( )
0

2 1 2
CF-VS

min
det

eff
eL
P T

α
η

= × × . (9.17) 

Comparing to the CE-OFC, VF-CS has a lower shot noise detection limit by a 
factor of M (paper V). Notice that the effective interaction length in CF-
VS is FL/π due to the sweeping of the comb modes in the Vernier order 
through the cavity modes [54].  
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10. Near-infrared sub-systems and 
procedures (papers I-IV, VI-VIII) 

The overview of the common sub-systems and procedures used in NIR CE-
OFCS based on the FTS is presented in this chapter; including Er:fiber 
femtosecond laser, enhancement cavities, measurement procedure for the 
cavity finesse, FTS, and implementation of the two-point PDH locking. 

10.1. Er:fiber femtosecond laser  

 The NIR OFC source is a mode-locked Er:fiber femtosecond laser 
(MenloSystems, FC1500-250-WG) with an oscillator average power of 20 
mW (two fiber coupled outputs) and an amplifier average power of up to 500 
mW (fiber coupled output). The spectrum of the laser is in the 1.5-1.6 μm 
range and it has a repetition rate of 250 MHz. The laser frep is controlled by a 
piezoelectric transducer (PZT) and a stepper motor which change the laser 
cavity length, and an intracavity electro-optic modulator (EOM) that 
modulates the intracavity refractive index. The f0 of the comb is controlled 
via the current of the OFC pump diode laser and a second stepper motor that 
moves an intra cavity wedged plate and changes the intracavity dispersion. 
The laser is equipped with an f-2f interferometer that allows monitoring of f0. 
The frep of the laser is also directly monitored by a fast photodetector. The 
spectrum of the oscillator output is shown in Figure 10.1.  

 
Figure 10.1. Spectrum of the Er:fiber comb at the oscillator output. The comb 
modes are not resolved.  

10.2. Enhancement cavities  

 In all of the conducted experiments in the NIR range the enhancement 
cavity had a linear configuration and consisted of two dielectric concave 
mirrors with 5 m radius of curvature. The reflection coefficients of the mirror 
pairs used in different experiments were different, yielding different finesse 
values. The substrates of all of the mirrors were wedged by 3˚ on the back 
side and anti-reflection coated for the working wavelength range. The comb 
and the cavity were in the perfect matching for all of the experiments; 
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however, the cavity length depended on the ratio of the comb-cavity 
matching which was different in different experiments (yielding cavity 
lengths of 45 cm, 60 cm or 80 cm). The cavity was open-to-air for 
measurements in flame (papers II, VI) and was enclosed for measurements 
using FTS with sub-nominal resolution method and NICE-OFCS (papers I, 
III, IV, VII, VIII, and X). In latter two experiments the cavity mirrors were 
mounted on a stainless steel spacer tubes and one of the cavity mirrors was 
mounted on a ring PZT to control the cavity length. The tube was connected 
to a gas system in a flow configuration, which allowed filling the cavities with 
gas samples at a desired pressure. The available gases were pure N2, 1% CO2 
in N2, and 1000 ppm CO2 in N2. The flows of the buffer gas (N2) and the CO2 
standards were adjusted independently with programmable flow controllers 
(Bronkhorst, F-201CV). This allowed mixing the CO2 standards with pure N2 
to obtain lower CO2 concentrations in the cavity. A vacuum pump was 
connected to the cavity outlet via a programmable pressure controller 
(Bronkhorst, P-702CV), which stabilized the pressure inside the cavity to a 
desired set value between 20-750 Torr with 1.3 Torr precision. 

10.3. Cavity finesse characterization  

The wavelength-dependent cavity finesse was determined by measuring 
the decay time of the cavity at different wavelengths using the cavity ring-
down method [101]. The output of the Er:fiber comb was sent to an acousto-
optic modulator (AOM, SFO3136-T-M110, Gooch & Housego) which acted as 
a fast on/off switch whose output beam (0th order) was spatially mode 
matched to TEM00 transverse mode of the cavity. The comb modes were 
swept across the cavity modes by scanning the frep of the Er:fiber comb, and 
the light transmitted through the cavity was sent to a monochromator 
(CM110, Spectral Products). The output of the monochromator was focused 
on an InGaAs detector (Thorlabs, PDA10CS). The output voltage of the 
detector was monitored during each scan and as soon as it passed a 
predefined threshold, a command pulse was sent to the AOM and the 
incident comb light to the cavity was shut down. The stored optical power in 
the cavity leaked out and by measuring the decay rate at different 
wavelengths, the wavelength-dependent cavity finesse could be calculated 
using Eq. (4.10). 

10.4. Fourier transform spectrometer  

The NIR FTS was based on the design discussed in Sec. 6.1. Two 2-inch-
diameter gold-coated retro-reflectors (Edmund Optics) mounted back-to-
back on a miniature linear translation stage (Parker, LX80L, 75 cm travel 
range) constituted the ends of the moving arms of the interferometer. The 
scanning speed of the retro-reflectors was set to 0.2 m/s, which implied that 
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the OPD between the interferometer arms was scanned at 0.8 m/s. The OPD 
was calibrated using a stable He-Ne laser [specified λref (p=0) = 632.9911 nm] 
with stability on the order of 10−7, whose beam was propagating parallel to 
the comb beam in the FTS. Two mode matching lenses were used for 
positioning the waist of the OFC and He-Ne laser beams at OPD = 0. The FTS 
was enclosed in a box to minimizing the effects of external environmental 
perturbations. The OFC output(s) of the interferometer were either detected 
by a home-built auto-balancing detector (based on InGaAs photodiodes) in 
CE-OFCS (papers II, IV, VI, and VIII), or by a 1-GHz bandwidth InGaAs 
detector (Electro-Optics Technology, 3000A) in NICE-OFCS (papers I, III, 
and VII). In CE-OFCS the output of the auto-balancing detector directly 
yielded the comb interferogram while in NICE-OFCS the output of the 
photodiode was synchronously demodulated at the fm frequency to construct 
the comb interferogram. The He-Ne output of the interferometer was 
detected by a 2-MHz bandwidth Si detector (Thorlabs, PDA36A-EC). The 
He-Ne and the comb interferograms were recorded with a 2-channel data 
acquisition card (National Instruments, PCI-5922) at 5 Msample/s and 20-
bit resolution. The comb interferogram was resampled at the zero-crossings 
and extrema of the He-Ne interferogram to yield an OPD-calibrated 
interferogram and fast Fourier transform of the interferogram yielded the 
spectrum. 

10.5. Two-point Pound-Drever-Hall locking  

Figure 10.2 shows the implementation of the two-point PDH locking in all 
of the experiments in the NIR wavelength range using the Er:fiber comb (for 
a general description of two point PDH locking scheme see Sec. 6.4.1).  

  
Figure 10.2. Implementation of two-point PDH locking for Er:fiber comb. 
EOM: electro-optic modulator, fPDH: Pound-Drever-Hall modulation frequency,  
FC: fiber collimator, HWP: half-wave plate, PBS: polarizing beam splitter, QWP: 
quarter-wave plate, PDi: Photodetectors, LPF: low-pass filter, Ph: phase shifter. 

The output of the Er:fiber comb was phase-modulated by a fiber-coupled 
lithium-niobate electro-optic modulator (EOM, Thorlabs, LN65S-FC) driven 
by a sine wave generator at fPDH = 20 MHz, generating the sidebands for the 
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two-point PDH  locking. The phase-modulated OFC light was coupled into 
free space and spatially mode-matched to the TEM00 mode of the cavity. The 
combination of the wave-plates and the polarizing beam splitter picked up 
the light reflected from the cavity (see Sec. 6.4.1).  The reflected beam was 
dispersed by a grating, and two different wavelength regions of the dispersed 
light (locking points) were incident on two separate photodetectors (Electro-
Optics Technology, 3000A). To achieve the maximum transmission 
bandwidth the two wavelength ranges were selected around 1550 nm and 
1575 nm (papers II, VI), while for maximizing the transmission around 
3ν1+ν3 band of CO2 the selected wavelength ranges were around 1572 nm and 
1579 nm (papers I, III, IV, VII, and VIII). The outputs of the 
photodetectors were synchronously demodulated at fPDH to yield two PDH 
error signals for controlling frep and f0 the of the Er:fiber comb. The error 
signal generated from the locking point with longer wavelength range was 
fed to the frep controller, while the one generated from the locking point with 
shorter wavelength range was fed to the f0 controller.  

The frep controller consisted of two parallel PI controllers that were fed by 
the same error signal. The first controller (home-built) was connected to the 
PZT, controlling the frep with a low bandwidth (6 kHz, closed-loop) but a 
large range (5 kHz). The second PI controller (New Focus, LB1005) was 
connected to the intracavity EOM, which changed the frep with a high 
bandwidth (500 kHz, closed-loop) but a small range (0.1 Hz). The f0 
controller (home-built) was a single PI controller that was connected to the 
pump diode laser of the Er:fiber laser and provided 150 kHz closed-loop 
bandwidth.  
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11. Cavity-enhanced comb spectroscopy 
in a flame (papers II, VI) 

This experiment was the first time demonstration of CE-OFCS in a 
combustion environment acquiring broadband, high resolution absorption 
spectra of high temperature H2O and OH radical in a flame. It was also a 
technical achievement in comb-cavity stabilization in a remote location for 
absorption spectroscopy in a harsh environment.  

11.1. Experimental setup 

The experimental setup is shown in Figure 11.1.  

  
Figure 11.1. Experimental setup of measurement in the flame experiment. 
EOM: electro-optic modulator, fPDH: Pound-Drever-Hall modulation frequency, 
PMF: polarization maintaining fiber, FC: fiber collimator, HWP: half-wave 
plate, f: lens, PBS: polarizing beam splitter cube, QWP: quarter-wave plate, M: 
mirror, PDi, Photodetectors, FTS: Fourier transform spectrometer. ABD: auto-
balanced detector, FFT: fast Fourier transform. 

The detailed description of the experimental setup is presented in paper 
II. Briefly, it was based on the Er:fiber femtosecond laser which was locked 
(using the two-point PDH method) to an open-to-air enhancement optical 
cavity containing the flame, while the detection system was based on the FTS 
with auto-balancing detector. The burner was based on the design described 
in [102], and the premixed methane/air flat flame (with diameter of ~4 cm) 
was operated at the stoichiometric air/fuel ratio with a total flow rate of 10 
l/min. An annular nitrogen co-flow was also supplied through a concentric 
ring in the burner to shield the flame from the ambient environment and 
thus stabilize it. An open-loop water cooling system was integrated into the 
burner and kept it cool during the operation. The burner was placed inside 
the enhancement cavity (below the intracavity beam with ~0.8 mm beam 
radius at the position of the flame) and was mounted on a vertical 
translation stage to allow measurements of spectra at different heights above 
the burner (HAB). We used two different cavities with a finesse of ~1100 in 
paper II and ~150 in paper VI. Both of the cavities were 60-cm-long to 
match the FSR of the cavity to the repetition rate of the laser. The cavity and 
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the mode/polarization-matching optics were placed on an aluminum optical 
breadboard in a different room than the rest of the setup, and the two parts 
of the system were connected by three 8-m-long polarization maintaining 
fibers (PMFs), offering the advantage of performing measurements at 
remote locations without deteriorating the locking performance. The system 
allowed acquiring high-temperature spectra with a bandwidth of 50 nm and 
a resolution of 1 GHz in 0.4 s, with an FoM of 4×10−9 cm−1 Hz−1∕2 per spectral 
element in paper II and 3×10−8 cm−1 Hz−1∕2 per spectral element in paper 
VI. 

11.2. High temperature H2O spectra  

In paper II the cavity with a finesse of ~1100 was used and high-
temperature H2O spectra were recorded in the flame at different HABs 
between 1 to 5 mm and normalized to the cavity background spectrum taken 
before turning the flame on. The normalized spectra were multiplied by a 
correction factor to compensate for the intensity decrease caused by the 
beam pointing instability. Figure 11.2 (a) shows the normalized cavity 
transmission spectrum at HAB of 5 mm in black along with a cavity-
enhanced H2O spectrum calculated using the absorption line parameters 
from the HITRAN database for a temperature of 2000 K and a water 
concentration of 18% (conditions expected at this HAB [102, 103]) in red 
(inverted for clarity). The general agreement between the model and the 
experimental data was found to be good; however, a close inspection 
revealed several mismatches in line positions and intensities, as shown in a 
zoom of a spectral window around 6455 cm-1 in Figure 11.2 (b). This was 
generally attributed to inaccuracies in the high temperature water line 
parameters in the HITRAN database in this wavelength range. Several lines 
within the acquired spectral range exhibited opposite HAB dependence than 
the rest of the lines. As an example, Figure 11.2 (c) compares normalized 
spectra acquired at HABs of 1 mm (blue), 2.5 mm (green) and 5 mm (red) in 
a spectral window around 6357 cm-1. The decrease in the intensity was 
mostly attributed to the pointing instability at different HABs; however 
strong dependence on HAB was visible for a few lines (e.g. at 6355.4, 6356.9, 
6359.7, and 6360.8 cm-1). The lack of an accurate model of high-temperature 
water spectra prevented any quantitative analysis of water concentration and 
flame temperature. By improving the performance of the spectrometer and 
better discrimination between the pointing instability and broadband 
absorption, the HAB dependent lines (which incorrectly were identified as 
temperature dependent water absorption lines in paper II) were 
investigated more precisely and were found to be OH absorption lines in 
paper VI. 
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Figure 11.2. (a) Normalized high-temperature H2O absorption spectrum at 
HAB of 5 mm in a flame (black) with a model based on parameters from the 
HITRAN database (red) for temperature of 2000 K and water concentration of 
18%, inverted for clarity. (b) A zoom of (a) around 6455 cm-1, where the 
theoretical spectrum is not inverted. (c) A zoom around 6357 cm-1 of measured 
absorption spectra taken at three different HABs. 

11.3. High temperature OH spectra and flame thermometry 

In paper VI the cavity was replaced with one with a lower finesse (~150) 
to decrease the absorption sensitivity in order to reduce the number of water 
transitions involved in spectral analysis. The stability of the system was 
improved by placing an aluminium shield around the burner to prevent the 
previously observed misalignment caused by the heat expansion of the 
breadboard holding the cavity. The collimator collecting the cavity 
transmitted light into a fiber leading to the FTS was moved as close as 
possible to the cavity output mirror to reduce the influence of the beam 
pointing instability. The output mirror was also realigned after turning on 
the flame and at each HAB to compensate for the beam steering induced by 
the temperature gradient in the flame. These improvements reduced the 
intensity drop and the intensity fluctuations compared to the previous 
system, allowing better baseline quantification. Figure 11.3 (a) compares the 
normalized spectra acquired at HABs of 2.5 mm (blue), 3.5 mm (green) and 
5 mm (red). They contain thousands of overlapping high temperature water 
lines; however, the positions of the 20 HAB dependent lines were found to 
match transition line positions of OH in the HITRAN database. A spectral 
range containing four of the OH lines is enlarged in Figure 11.3 (b).  
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Figure 11.3. (a) Normalized cavity transmission measured at three different 
HABs, 2.5 mm (blue), 3.5 mm (green), and 5 mm (red). (b) Enlargement of a 
spectral range containing four of the OH absorption lines.  

 
Figure 11.4. Simulations of water and OH concentrations and flame 
temperature as a function of HAB performed in Cantera using the GRI Mech 3.0 
chemical kinetics mechanism (by Damir Valliev, Applied Laser Spectroscopy 
Group,  Department of Applied Physics and Electronics, Umeå University). 

Simulations of the water and OH concentrations and flame temperature in 
terms of HAB are shown in Figure 11.4. This figure predicts that above a 
HAB of 2.5 mm both the water concentration and the flame temperature are 
relatively constant, while the OH concentration decreases. This was observed 
in the measured spectra, where the OH absorption line intensities changed 
with HAB, while the water absorption line intensities remained constant. 
Because of the strong overlap with water and the lack of reliable parameters 
of high-temperature water transitions in this spectral range, it was nearly 
impossible to extract quantitative information from the OH absorption lines. 
However, dividing the spectra measured at different HABs by a reference 
spectrum measured at HAB of 2.5 mm removed the water lines to a large 
extent and revealed the OH transitions, as shown in Figure 11.5 for a ratio of 
spectra taken at HABs of 5 and 2.5 mm. The ten OH doublets were found to 
belong to four absorption bands, as identified in the inset. As discussed in 
paper VI, some of these OH absorption lines were found to have weak 
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temperature sensitivities and could be used to determine the OH relative 
concentration, while some others were found to have stronger temperature 
sensitivities and could therefore be used to determine the flame relative 
temperature. 

 
Figure 11.5. OH spectrum obtained by taking the ratio of spectra measured at 
HABs of 5 and 2.5 mm. The transitions belong to 4 absorption bands shown in 
the inset.  

Figure 11.6 (a) shows the spectral range containing three lines used for 
concentration retrieval together with single line fits, and residuals. The fitted 
model was based on the ratio of two cavity transmission functions and the 
OH absorption lines were calculated using HITRAN database parameters 
and Voigt profiles. The OH concentration (0.28%) and flame temperature 
(1900 K) at the reference HAB of 2.5 mm were assumed to be equal to the 
values retrieved from the simulations. The temperature at the higher HAB 
was also assumed to be 1900 K because of the weak temperature sensitivity 
of the line strengths. The fitting parameters were the OH concentration at 
the higher HAB and the room-temperature linewidth (assumed equal for all 
lines), where the temperature coefficient from HITRAN was used to calculate 
the high-temperature linewidth. The concentrations retrieved from these fits 
were used as input parameters in fits to the four doublets used for 
temperature determination, shown in Figure 11.6 (b) and (c). The fitted 
parameters were the room-temperature linewidth and the flame temperature 
at the higher HAB. The linewidth was assumed to be the same for the eight 
lines and equal to the linewidth at the reference temperature.  

Figure 11.7 shows the OH concentrations (red dots) and flame 
temperature (black dots) obtained from the fits compared to the 
corresponding simulation results (solid red and dashed black curves, 
respectively). The fit results followed the trend predicted by simulations 
rather well. The drop of the OH concentration at large HABs could be 
explained by the decrease of the flame diameter with HAB due to product gas 
diffusion and mixing with the surrounding air, while the decrease of 
temperature at the larger HAB could be attributed to radiative heat loss. 
None of these effects were included in the simulation model.  
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Figure 11.6. OH relative absorption lines with fits for concentration in (a) and 
temperature retrieval in (b) and (c) together with residuals in the lower panels. 

 
Figure 11.7. OH concentration (in red) and temperature (in black) retrieved 
from fits to OH spectra (markers) compared to simulations (curves).  

In conclusion, in paper II and VI we demonstrated, for the first time, 
NIR FTS-based CE-OFCS with a tight comb-cavity lock in an atmospheric 
pressure flame and measured high temperature spectra of H2O and OH.  
Twenty OH absorption lines from four different bands were measured, which 
is the largest number ever detected simultaneously with absorption 
spectroscopy in this range. The lack of an accurate model of high-
temperature water spectra prevented an absolute quantification of the 
concentrations and the flame temperature. However, we managed to remove 
the water spectra by taking ratios of spectra measured at different HABs and 
retrieved OH concentration and flame temperature relative to a reference 
HAB by fitting a model to the spectra and verified the results by comparison 
to the simulation results. Therefore, upon availability of an accurate model of 
high-temperature water spectra, it will be possible to retrieve absolute flame 
parameters by simultaneous fitting of high-temperature OH and H2O 
absorption lines at different HABs. 
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12. FTS with sub-nominal resolution 
(papers IV, VIII, X) 

The first implementation of FTS-based CE-OFCS with sub-nominal 
resolution is presented in paper IV demonstrating the principle of the 
technique. Two independent measurements were demonstrated to verify the 
technique in practice. We performed the NIR measurement, while our 
collaborators in IMRA America (Ann Arbor, MI, US) performed the MIR 
measurement. In NIR system the absorption spectra of 3ν1+ν3 overtone band 
of 1% CO2 at 40 Torr (absorption line widths ∼430 MHz) was measured 
using a single-burst interferogram with a nominal resolution of 1 GHz.  Sub-
nominal resolution spectra with sample point spacing of ∼100 MHz were 
obtained with no influence of the instrument line-shape (ILS) function. 
Spectra from 9-burst interferogram was measured with 111 MHz nominal 
resolution and showed excellent agreement with retrieved sub-nominal 
resolution spectra. In paper VII a full theoretical description of the sub-
nominal resolution method is presented and the experimental and numerical 
steps needed to retrieve ILS-free molecular spectra from single-burst 
interferograms are discussed in details. The accuracy of the retrieved 
transition line centers was investigated by fitting the model to the measured 
absorption lines. The performance was verified by measuring ILS-free 
cavity-enhanced low-pressure broadband CO2 spectra (3ν1+ν3 overtone 
band). Collisional narrowing of the absorption line shapes was observed and 
quantified for the first time with a comb-based spectroscopic technique, 
showing that it is possible to retrieve line shape parameters with accuracy 
not limited by the Voigt profile for an entire absorption band. In paper X 
kHz-level-resolution is demonstrated, for the first time, for mechanical FTS 
with the sub-nominal resolution method. Narrow resonance modes of a 
high-finesse cavity (FWHM<250 kHz) were characterized in the entire 
bandwidth of the OFC source. The frequencies of the resonances were used 
to retrieve (high precision) dispersion of the cavity mirrors and intracavity 
samples. Broadband resonant dispersion induced by 3ν1+ν3 overtone band of 
CO2 molecular transitions was measured and verified by fitting a dispersion 
model.  

12.1. Measurement of molecular spectra 

In this section the experimental setup and the measurement results of 
molecular spectra using FTS with sub-nominal resolution method is 
presented. 
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12.1.1. Experimental setup 

The experimental setup (papers IV, VII) is shown in Figure 12.1 (a).  

 
Figure 12.1. (a) Experimental setup of the FTS with sub-nominal resolution 
method for molecular spectroscopy. EOM: electro-optic modulator, fPDH: 
Pound-Drever-Hall modulation frequency, FC: fiber collimator, HWP: half-
wave plate, f: lens, PBS: polarizing beam splitter cube, QWP: quarter-wave 
plate, M: mirror, PDi, Photodetectors, FTS: Fourier transform spectrometer. 
ABD: auto-balanced detector, FFT: fast Fourier transform. DDS: direct digital 
synthesizer, (b) The cavity and comb-cavity matching used in paper IV and (c) 
the cavity and comb-cavity matching used in paper VII.  

The description of the experimental setup is presented in the 
supplementary material of paper IV and in more details in paper VII. It 
was based on the Er:fiber femtosecond laser that was locked (using the two-
point PDH method) to an enhancement cavity, and the detection system was 
the FTS with the auto-balanced detector. The cavity length/FSR was 
stabilized using an error signal obtained by comparing the frep value to a 
radio-frequency sine wave, fDDS, generated by a direct digital synthesizer 
(DDS) driven by a GPS-referenced Rubidium (Rb) clock. The error signal 
was fed via a low bandwidth (<10 Hz) PI controller to the PZT controlling the 
cavity length. As a consequence, frep was stabilized to the Rb clock, while f0 
(stabilized via the two-point lock to the cavity) was monitored by an f-2f 
interferometer.  

In paper IV a 45-cm-long cavity was used [shown in Figure 12.1 (b)], 
which had an FSR of 333.3 MHz. In this configuration, every fourth comb 
mode was transmitted through every third cavity resonance, which yielded 
an effective repetition rate of T

repf = 1 GHz. The wavelength-dependent cavity 
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finesse was characterized by ring-down measurements and found to be 
around 2000. For this effective repetition rate, the scan over a single-burst 
interferogram (OPDmax = 30 cm) took 0.38 s. In paper VII an 80-cm-long 
cavity was used [shown in Figure 12.1 (c)], which had an FSR of 187.5 MHz. 
In this configuration, every third comb mode was transmitted through every 
fourth cavity resonance, which yielded an effective repetition rate of T

repf = 
750 MHz. The wavelength-dependent cavity finesse was again characterized 
by ring-down measurements with a precision of 1% and found to be around 
11000. For this effective repetition rate, the scan over a single-burst 
interferogram (OPDmax = 40 cm) took 0.5 s, and the measurement could be 
repeated every 1.3 s. 

12.1.2. Measurement procedure 

The procedure of sub-nominal resolution measurements is described in 
details in paper VII. Briefly, the cavity was filled with the desired 
concentration of CO2 at the desired pressure and at room temperature. 
Single-burst spectra were recorded with different frep values stepped by Δfrep, 
which was selected based on the spectral point spacing needed in the final 
spectrum. If higher SNR was needed each single-burst spectrum was 
averaged a few times. The comb frep and f0 were continuously monitored and 
recorded during the acquisition with a frequency counter. The single-burst 
spectrum measured with the first frep value was used to find a more precise 
λref value and to reduce the residual ILS distortion below the value 
determined by the SNR ratio in the spectrum (see paper VII). All steps 
were then processed using the zero-padding method to correct the FTS 
sampling point spacing. When the optimum number of zero-padding was 
found to be larger than 10, the zero-padding was combined with the fshift 
shift. Each single-burst spectrum was normalized to a background spectrum 
measured while the cavity was filled with pure N2 at the same pressure. Since 
the background did not exhibit any narrow spectral features, a single-burst 
spectrum taken at the first frep value (averaged if needed) was sufficient to 
fully resolve it. For normalization of spectra taken at other frep values the 
measured background was linearly interpolated at the comb frequencies. The 
single-burst spectra measured with different frep were interleaved and the 
relative baseline of each step was corrected to compensate for the drift of the 
OFC envelope from step to step. Finally, the baseline of the interleaved 
spectrum was corrected for the remaining etalons by fitting a 4th order 
polynomial function and low frequency sine wave functions together with the 
model spectrum. 
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12.1.3. Results 

The first ILS-free sub-nominal resolution spectra are shown in paper IV. 
Figure 12.2 (a) shows the acquired interferogram for the entire OPD range of 
the FTS (~2.7 m), containing nine bursts for an effective repetition rate of 1 
GHz.  

 
Figure 12.2. Sub-nominal resolution method, (a) Time-domain interferogram 
(black) acquired with OPDmax of 2.7 m (nominal resolution of 111 MHz), 
containing nine bursts. The dashed blue vertical lines indicate the acquisition 
range for a single-burst interferogram (OPDmax of 0.3 m, nominal resolution of 1 
GHz). (b) Normalized cavity-enhanced transmission spectrum of the 3ν1+ν3 
band of 1% of CO2 in N2 at 40 Torr from single-burst interferograms in blue, and 
a model spectrum in red (inverted for clarity). (c) A zoom of the R20e CO2 line 
(blue markers) together with a fit (red curve) and residuum (bottom panel). (d) 
Comparison of the spectrum of the R20e CO2 line from nine-burst (larger green 
markers) and single-burst (smaller blue markers) interferograms. 

A single-burst interferogram that yields a nominal resolution of 1 GHz is 
indicated in Figure 12.2 (a) by the vertical blue dashed lines. Sub-nominal 
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spectra with sample point spacing of ∼100 MHz were obtained by 
interleaving 10 measured spectra (by stepping frep). Figure 12.2 (b) shows the 
normalized cavity-enhanced spectrum of the 3ν1+ν3 band of 1% of CO2 in N2 
at 40 Torr (in blue) from single-burst interferograms; along with the fitted 
spectrum (in red, inverted for clarity). The model took into account the 
wavelength-dependent cavity finesse, the comb-cavity offset due to 
dispersion of the cavity mirrors, and assumed a Voigt profile with the line 
parameters from the HITRAN database. At this pressure the average 
linewidth of the CO2 absorption lines is ∼430 MHz, well below the nominal 
resolution, yet no influence of the ILS was seen. Retrieving ILS-free spectra 
is more evident in Figure 12.2 (c), which shows a zoom of the R20e CO2 line 
with a linewidth of 435 MHz (in blue) together with a fit (in red) and the 
residuum (lower panel). Here, the fitting parameters were the line position, 
the Lorentzian linewidth, the gas concentration, and the comb-cavity offset. 
The obtained values agreed with the HITRAN parameters and experimental 
conditions. Finally, Figure 12.2 (d) shows the R20e line measured with 
single-burst and nine-burst interferograms (smaller blue and larger green 
markers, respectively). The spectra measured with absorption linewidth to 
nominal resolution ratios of ∼0.4 and ∼4 were in full agreement, as shown 
by the lack of structure in the residuum plotted in the lower panel. Therefore 
increasing the interferogram length beyond a single burst does not improve 
the frequency resolution. 

In paper VII, we used cavity 2 in Figure 12.1 (c) to obtain a sub-nominal 
resolution spectrum of the 3ν1+ν3 band of CO2, 1000(2) ppm diluted in N2, at 
26.3(1.3) Torr. It was retrieved from interleaved single-burst spectra [Figure 
12.3 (b), black curve] and compared to a model spectrum (red, inverted) 
calculated using the cavity-enhanced transmission function based on Voigt 
profiles with line parameters from the HITRAN database, and the 
experimentally determined cavity finesse [Figure 12.3 (a)]. Here the nominal 
resolution of the FTS was 750 MHz while the average FWHM of the 
absorption lines was around 390 MHz, yet no distortion induced by the ILS 
was visible. Figure 12.3 (c) shows an enlargement of the range covering two 
of the strongest lines, namely the R14e and the R16e, in black. For 
comparison, a spectrum that would be obtained with conventional FTIR with 
the same nominal resolution is plotted in blue (vertically and horizontally 
offset for clarity). This spectrum was simulated by convolving the measured 
CO2 spectrum with a sinc function described by Eq. (6.2) for a nominal 
resolution of 750 MHz, which caused reduction of the line contrast, 
broadening of the line width, and ringing on the line wings. None of these 
effects was present in the experimental spectrum. The noise equivalent 
absorption coefficient was estimated to be 2.2×10-9 cm-1 for an acquisition 
time of 700 s and 144000 spectral elements, and the FoM was calculated to 
be 1.5×10-10 cm-1 Hz -1/2.  
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Figure 12.3. Sub-nominal resolution method with spectral precision beyond 
the Voigt profile (a) Wavelength-dependent cavity finesse measured by cavity 
ring down when the cavity is filled with N2 (dots) together with a third order 
polynomial fit (curve). (b) Normalized cavity transmission spectrum of 1000 
ppm of CO2 diluted in N2 at 26.3 Torr and temperature of 296 K obtained from 
40 interleaved single-burst spectra (black) plotted together with a simulation 
based on the cavity-enhanced model  and the HITRAN parameters (red, 
inverted). (c) Enlargement of the spectral region containing the R14e and R16e 
CO2 lines (black) and a simulation of the spectrum that would be obtained with 
conventional FTIR spectroscopy and the same nominal resolution (750 MHz, 
blue, horizontally and vertically offset for clarity). (d) Enlargement of the 
measured R16e CO2 line (black dots) together with a fit of the Voigt profile (VP, 
blue curve) and speed-dependent Voigt profile (SDVP, red curve). Residuals of 
the fits are shown in (e) for the VP and in (f) for the SDVP. (SDVP fit is done by 
Piotr Maslowski, Institute of Physics, Nicolaus Copernicus University, Torun, 
Poland) 

The undistorted R16e CO2 transition is enlarged in Figure 12.3 (d) (black 
markers). The nearly overlapping curves show fits to this line based on the 
cavity-enhanced model with the Voigt profile (VP, blue curve) and with the 
speed-dependent Voigt profile (SDVP, red curve). The fitting parameters of 
the VP were the transition frequency, the line intensity, the Lorentzian width 
of the transition, the comb-cavity offset and a linear baseline. The Doppler 
width was fixed to 354 MHz, the pressure shift to -6.7 MHz (based on the 
value of -0.0065(7) cm-1/atm for the pressure broadening by N2 given by 
Gamache et al. [104]) and the finesse to 10500. The residual of the VP fit is 
shown in panel (e). The characteristic (inverted) w-shaped residual induced 
by the inaccuracy of the VP at this pressure is clearly visible, demonstrating 
the need to consider more advanced absorption profiles. Panel (f) shows the 
residual of a fit of the SDVP, where the reduced speed-dependent collisional 
width was introduced using quadratic approximation given by Priem et al. 
[105] (for more details on calculation of SDVP see paper VII). The 

(d) 

(e) 

(f) 
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improvement of the fit within the line core is evident. Comparing the 
standard deviations of the residuals of the VP and SDVP evaluated for 
frequency detuning of -1 to 1 GHz (shown in their respective panels) 
indicated an improvement of the SDVP residual by 36% compared to the VP. 
The spectroscopic parameters of the R16e line retrieved from the fits of the 
VP and the SDVP are summarized in Table 12.1 and compared to the 
parameters from the HITRAN database and from Li et al. [106]. The statistic 
uncertainties of the fitted parameters are indicated in parentheses, while the 
systematic uncertainties are listed in a separate row. The fitted transition 
frequency agreed well with the HITRAN value. In fact, already at this SNR 
the precision of our measurement was better than that reported in HITRAN, 
even taking into account the combined effect of the uncertainty on the 
pressure shift (0.7 MHz) and that caused by the residual ILS distortion (0.28 
MHz). The retrieved line intensity agreed with the intensity provided by 
HITRAN within the systematic uncertainty given by the combined effect of 
the pressure, concentration and cavity finesse uncertainties. The fitted value 
of the Lorentzian line width of the VP agreed within the systematic 
uncertainty with the value obtained by Li et al (indicated with a star). 

Table 12.1. Vacuum transition frequency, line intensity and Lorentzian 
FWHM, 2ΓL, at 26.3(6) Torr of the R16e CO2 line retrieved from fits based on 
the VP and SDVP compared with the parameters from the HITRAN database 
[14] and from Li et al. [18] at 296(3) K. 

R16e line Vacuum line 
position [MHz] 

Intensity  
[cm-1/(mol. cm-2)] 

2ΓL  
[MHz] 

VP (this work) 190667024.1(5) 1.650(5)×10-23 144(2) 
SDVP (this work) 190667024.2(7) 1.688(5)×10-23 163(2) 

Systematic uncertainty 0.8 0.09 7 
HITRAN and Li et al. * 190667023(3) 1.744(35)×10-23 151(5)* 

 
In conclusion, in paper IV we demonstrated the sub-nominal resolution 

method using the FTS-based CE-OFCS technique for the first time. We 
retrieved ILS-free broadband spectra of the entire 3ν1+ν3 band of CO2 with 
absorption linewidths well below the nominal resolution of the spectrometer 
and fitted the corresponding CE-OFCS model to the measurement. We 
compared sub-nominal resolution spectra from single-burst interferograms 
to spectra retrieved from a nine-burst interferogram and observed excellent 
agreement. This enabled the acquisition of broadband high-resolution 
absorption spectra with orders of magnitude reduction in the instrument size 
and acquisition time, and a frequency scale accuracy given by the comb. In 
paper VII, we described the full theoretical description of the sub-nominal 
resolution method and the experimental and numerical steps needed to 
retrieve the ILS-free spectra. We showed that the retrieved ILS-free sub-
nominal resolution spectra from FTS-based CE-OFCS technique provides the 
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high precision needed for retrieval of line parameters beyond the Voigt 
profile (VP). We demonstrated this by eliminating the structures in the 
residuum of the fit to a single absorption line of CO2 using a speed 
dependent Voigt profile instead of the Voigt profile. Comparing the fitting 
results to HITRAN database parameters showed that the precision of our 
measurement for line intensity and line position is already better than that 
reported in HITRAN. The high precision, broadband measurement and the 
short (order of tens of minutes) acquisition time, makes the sub-nominal 
resolution method the ideal tool for high-accuracy broadband measurements 
of parameters of millions of lines included in HITRAN and other databases. 

12.2. Broadband characterization of the cavity modes 

In this section the experimental setup and the measurement results of 
broadband characterization of the resonance modes of a high finesse cavity, 
using FTS with sub-nominal resolution method, is presented. 

12.2.1. Experimental setup  

The experimental setup (paper X) is shown in Figure 12.4 (a). 

  
Figure 12.4. (a) Experimental setup of the FTS with sub-nominal resolution 
method for characterizing the resonance modes of an optical cavity. FC: fiber 
collimator, HWP: half-wave plate, PDH: Pound-Drever-Hall locking electronics, 
fPDH: Pound-Drever-Hall modulation frequency, f: lens, PBS: polarizing beam 
splitter cube, QWP: quarter-wave plate, EOM: electro-optic modulator, M: 
mirror, G: grating, PDi, Photodetectors, f-2f: f-2f interferometer beat note, DDS: 
direct digital synthesizer, fDDS: DDS frequency. FTS: Fourier transform 
spectrometer. ABD: auto-balanced detector, FFT: fast Fourier transform. (b) 
The cavity, comb-cavity matching and the cw laser. 
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In this experiment the same cavity as in paper IV was used with the same 
comb-cavity matching [Figure 12.4 (b)]. However, the Er:fiber comb was not 
locked to the enhancement cavity, instead it was stabilized in the optical 
domain to a reference cw laser as described in Sec. 2.3.2. The offset 
frequency, f0, was stabilized by locking the output of the f-2f interferometer 
to the frequency provided by the Rb clock referenced to GPS. The frequency 
of one comb mode was stabilized to a narrow-linewidth cw fiber laser at λcw = 

1576.9396 nm via a feedback to the frep. The cw laser, in turn, was stabilized 
to the P8e CO2 transition using the sub-Doppler NICE-OHMS technique 
([107], not shown here), yielding a laser linewidth of 2.8 kHz. The beat note 
between the cw laser and the closest comb mode was detected after 
dispersing the spectrum with a diffraction grating. It was locked to a tunable 
RF frequency, fDDS, generated by a direct digital synthesizer (DDS) 
referenced to the Rb clock, by feeding the generated correction signal to the 
PZT and EOM actuators in the cavity of the Er:fiber comb (controlling frep). 
The optical locking directly transferred the linewidth and stability of the cw 
laser to the closest comb line, which was verified by measuring the width of 
the optical beat note to be below Hz level using a spectrum analyzer. The 
cavity length was also absolutely stabilized by locking one of the resonance 
modes to the cw laser using the PDH locking technique. This involved phase 
modulation of the cw laser electric field with an EOM at frequency fPDH and 
phase sensitive detection of the cavity reflection at λcw. The generated 
correction signal was fed to the PZT glued on one of the cavity mirrors with a 
closed-loop bandwidth of 1.1 kHz. This relatively low bandwidth caused a 
frequency jitter of the cavity modes, yielding a mode broadening equal to 
19.8 kHz, calculated from the power spectral density of the closed-loop error 
signal [108].  

12.2.2. Measurement procedure 

Choosing fDDS close to 83.3 MHz [Figure 12.4 (b)], every fourth comb 
mode was tuned to a resonance frequency of the cavity. The transmission, 
containing both the comb and the cw laser light, was analyzed with the FTS. 
Using the sub-nominal resolution method with a single-burst interferogram 
allowed measuring a spectrum with no ILS contribution from the comb 
modes; however, a strong ILS ringing due to the intense cw laser peak 
remained. Therefore, to measure both the comb modes and the cw laser 
without the ILS distortion, a triple-burst interferogram (nominal resolution 
of 4frep/3) was used instead. The spectrum contained one sampling point per 
transmitted comb modes, and two sampling points between the adjacent 
comb modes with intensities below the noise level, except for the point 
sampling the cw laser. For a given frep, the spectrum contained only one point 
per sampled cavity mode, so several spectra with different frep were measured 
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and interleaved to retrieve the cavity mode profiles. To scan the frep, the 
optical beat note was tuned by changing the value of fDDS with a step of 20 
kHz, yielding more than 10 points per cavity mode-width. Note that it was 
not the resolution limit and it could be made smaller if needed. The 
resolution of the measurement was set by the linewidth of the cw laser to 
which the comb was locked. 150 steps were acquired, each of them averaged 
twice, with a total acquisition time of 20 min. The final cavity spectrum 
contained discrete spectral pieces, each of them covering 3 MHz and 
separated from each other by 1 GHz.  

12.2.3. Cavity mode spectrum 

Figure 12.5 shows the measured cavity resonances for the entire 
bandwidth of the comb containing ~16000 modes spanning from 15oo to 
1640 nm.  

  
Figure 12.5. (a) Transmission spectrum of the empty cavity containing 16000 
resonance modes. Inset: enlargement of a few modes separated by 3FSR. (b) A 
zoom of a single mode taken at 1600 nm (dots) plotted together with a fit and a 
residuum (lower panel). 

The intensity of the spectrum follows the comb envelope and the cw laser 
peak is visible at λcw. The 1 GHz frequency separation between the 
consecutive probed modes is shown in the inset of panel (a) enlarging a 
small part of the spectrum. One cavity mode taken at 1600 nm is further 
enlarged in Figure 12.5 (b). The mode profile does not exhibit any ILS-
induced distortion, although the nominal resolution (333 MHz) of the FTS 
was ~1500 times coarser than the FWHM of the cavity mode. A model based 
on a Lorentzian function and a linear baseline was fitted to the mode profile 
[in panel (b), with residuum shown in the lower part]. The fitted parameters 
were the amplitude, the width and the center frequency of the Lorentzian 
function along with the offset and slope of the baseline. The obtained values 
were 214.4(9) kHz for the linewidth and 187.6977010224(4) THz for the 
center frequency. To verify the accuracy of this result, the cavity ring-down 
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time was measured at 1600 nm, directly after measuring the cavity mode 
spectrum. It yielded a mode-width of 191(2) kHz, averaged over ~200 
neighboring modes due to the resolution of the monochromator used for this 
measurement. The cavity mode-width obtained from the fit agreed with the 
ring-down result, considering the mode broadening due to the locking (19.8 
kHz) and the comb linewidth (2.8 kHz). 

12.2.4. Intracavity dispersion  

The center frequency of each mode, νq, was determined with an 
uncertainty ranging from 0.5 to 3 kHz depending on the SNR of the 
considered mode. The cavity frequency dispersion, ∆ν, was calculated taking 
the difference between the measured mode center frequencies, νq, and the 
mode center frequencies of a dispersion-free cavity given by qFSR0 + fcav0, 
where q = floor(νq/FSR0) is the mode index, FSR0 is the FSR of the empty 
cavity defined at λcw, and fcav0 is the cavity offset frequency (see paper X for 
more details). Figure 12.6 shows the dispersion curves obtained from the 
empty cavity (∆νEmpty, left y-axis in MHz) and the cavity filled with pure N2 at 
atmospheric pressure (∆νN2, right y-axis in GHz). Since the two dispersion 
measurements were referenced to λcw, they both crossed zero at this 
wavelength. The blue dots show the calculated dispersion of the N2 sample 
obtained using the Sellmeier equation [109]. The excellent agreement 
between the model and the measurement (relative error of 4×10-3 on the 
slope) confirmed the high precision of the measurement. 

  
Figure 12.6. Dispersion of the cavity mode frequencies Δν measured when the 
cavity is empty (black curve, left y-axis) and when the cavity is filled with pure 
N2 at atmospheric pressure (red curve, right y-axis) plotted together with a 
dispersion model based on the Sellmeier coefficients of N2 (blue markers). 

The round trip phase in the cavity corresponding to the cavity frequency 
dispersion is given by φ(ν) = 2π ∆ν/FSR, which was assumed to be induced 
by the cavity mirrors and the intracavity sample (See Sec. 4.2.3). A 5th order 
polynomial function was fitted to the two ∆ν curves. The group delay 
dispersion (GDD) of the cavity, was obtained by differentiating φ twice in the 
angular frequency space, 2 2GDD( ) /q qωϕω = ∂ ∂ , where 2q qω pn= . The GDD 
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curves of the empty cavity and cavity filled with N2 are shown in Figure 12.7 
by the black and red solid curves, respectively. The GDD of the cavity filled 
with N2 was compared with the sum of the empty cavity GDD and the 
calculated N2 GDD using the Sellmeier coefficients (dotted black curve), and 
both curves agreed within 1 fs2. The uncertainty on the GDD result was lower 
than 0.1 fs2 over the entire range which was due to the error on the 
determination of νq (in the low kHz range), and also the uncertainty of the 
fitting parameters of φ (relative errors ranging from 10-4 to 1%).  

  
Figure 12.7. Group delay dispersion (GDD) of the empty cavity (black solid 
curve), and the cavity filled with pure N2 at atmospheric pressure (red solid 
curve). The GDD of N2 calculated using the Sellmeier coefficients is added to the 
empty cavity GDD (dashed black curve) for comparison with the N2-filled cavity 
measurement. 

The direct high resolution measurement of the cavity modes also enabled 
us to obtain the dispersion induced by molecular transitions. Figure 12.8 
shows the dispersion of the 3ν1+ν3 band of CO2 lying between 1595 and 1620 
nm (black dots). It was extracted from the measured resonance modes when 
the cavity was filled with 1.00(1)% of CO2 in N2 at a pressure of 750(1) Torr 
and a temperature of 296(3) K.  

  
Figure 12.8. (a) Cavity mode frequency dispersion due to the 3ν1+ν3 
absorption band of CO2 (black markers) together with a fit based on the 
imaginary part of the complex Voigt profiles of the transitions and the HITRAN 
database parameters (red curve).  (b) Residual of the fit. 
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To model the resonant dispersion, the cavity resonance condition had to 
be modified to take into account the presence of an absorber in the cavity. 
The cavity frequency dispersion due to the molecular transition was found to 
be given by ∆νa = (c/4π) ∑𝜙𝜙i(νq) (see paper X), where 𝜙𝜙i is the phase shift 
induced by each CO2 transition over the entire 3ν1+ν3 band calculated using 
Eq. (3.21) from Sec. 3.3. The model was calculated using the CO2 parameters 
from the HITRAN database, and was fitted to the data [red solid curve in 
Figure 12.8 (a)] along with a slowly varying polynomial function to remove 
the non-resonant dispersion background. The residual of the fit is shown in 
panel (b) demonstrating a good agreement between the measurement and 
the fit. The CO2 concentration retrieved from the fit was equal to 0.95(1)%. 
The relative error of 5% with the specified concentration was possibly due to 
the fact that the HITRAN collisional broadenings and pressure shifts are 
defined for CO2 mixed in air while we measured CO2 mixed with pure N2. An 
important feature of this technique is that it delivers the molecular 
information without any pre-requisite on the knowledge of any cavity 
parameter, such as its finesse or length. 

In conclusion, in paper X we demonstrated that kHz resolution can be 
obtained using a mechanical FTS combined with an OFC. Using the sub-
nominal resolution method, we measured broadband spectra covering 16 
THz, i.e. 10% of the center optical frequency of the comb (150 nm around 
1575 nm), containing 16000 cavity resonance modes with ~200 kHz 
linewidth. We quantitatively retrieved the GDD of pure N2 at atmospheric 
pressure in the cavity with a precision of 0.1 fs2. We demonstrated the 
possibility to perform direct high precision dispersion spectroscopy in the 
entire absorption band of an intra-cavity sample. 
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13. NICE-OFCS (papers I, III, VII) 

The first implementation of FTS-based NICE-OFCS technique is presented 
in paper I demonstrating the noise immunity of the technique. A detection 
sensitivity close to the shot noise limit is shown using the Er:fiber comb 
detecting CO2 around 1575 nm. However, the utilized enhancement cavity 
had an FSR equal to 4/3 times the frep of the laser, and therefore no free 
cavity mode could exist between each FM triplet resulting in cross talk 
between the adjacent sidebands of neighboring triplets. This cross talk 
yielded a distortion in the measured NICE-OFCS spectra. Furthermore in 
this first demonstration the modulation frequency was not stabilized to the 
cavity FSR, which resulted in degradation of the noise immunity, in a long 
term. In paper III the cross talk between the sidebands of neighboring 
triplets was eliminated by changing the comb-cavity matching ratio and the 
long term stability of the spectrometer was increased by stabilizing the 
modulation frequency to the cavity FSR. The sensitivity of the spectrometer 
was also increased by an order of magnitude by using a cavity with higher 
finesse. The NICE-OFCS signal model was fitted to the measured spectra and 
the concentration of the absorber (CO2) was retrieved. In paper VII a more 
detailed analysis of the signal line shapes of NICE-OFCS is presented and the 
signal dependence on the ratio of the modulation frequency to the molecular 
linewidth is discussed for both a full analytical model and a simplified 
absorption-like model. The theory was verified experimentally by fitting the 
simplified model (including the effect of the comb-cavity offset frequency) to 
the measured spectra. In all of the three papers, the detection system was 
based on the FTS equipped with a single fast photodetector and sub-nominal 
resolution method was not used. 

13.1. Experimental setup 

The experimental setup is shown in Figure 13.1 (a). The detailed 
description of the experimental setup is presented in paper III. It was based 
on the Er:fiber femtosecond laser which was locked (using two-point PDH 
method) to an enhancement optical cavity, while the detection system was 
the FTS with a single fast photodetector detector. The output of the Er:fiber 
was phase-modulated at two frequencies,  fPDH and fm, using a single fiber-
coupled lithium-niobate electro-optic modulator (EOM, Thorlabs, LN65S-
FC). Figure 13.1 (b)-(d) shows different cavities, comb-cavity matchings and 
modulation frequencies that are used in the measurements. In paper I a 45-
cm-long cavity (cavity 1, FSR1 of 333.3 MHz) with a finesse of ~2300 was 
used and in paper III cavity 1 along with a second 80-cm-long cavity (cavity 
2, FSR2 of 187.5 MHz) with a finesse of ~9000 was employed. In paper VII 
cavity 2 was used with a better alignment (fine tuning of the beam positions 
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on the cavity mirrors) which increased the finesse to ~11000. Cavity 1 yielded 
a 1-GHz spacing between the transmitted comb modes and for this cavity, a 
modulation frequency, fm1, equal to the cavity FSR1, i.e., 333.3 MHz, was 
used. Cavity 2 yielded a 750-MHz spacing between the transmitted comb 
modes. For this cavity two different modulation frequencies, fm2, equal to 
three times the cavity FSR2, i.e., 562.5 MHz (papers III, VII), and fm3 , 
equal to the cavity FSR2, i.e., 187.5 MHz (paper VII) were used. Because of 
the different losses in the cavity mirrors, cavity 1 transmitted 66% of the 
incident power per comb mode, while cavity 2 transmitted only 12% (see 
Table 1 in paper VII for more details). In order to compensate for this 
difference in transmission, while the oscillator output of the Er:fiber laser 
was used with cavity 1; the amplifier output was used with cavity 2. The 
amplifier power was attenuated using a variable attenuator (not shown in the 
figure) before reaching the EOM (120 mW maximum input power) so that 
the total optical power transmitted through cavity 2 was the same as the 
power transmitted through cavity 1 using the oscillator output. The cavity 
mirrors were mounted on stainless steel spacer tubes connected to the gas 
system as explained in Sec. 10.2, which allowed filling the cavities with 
different concentrations of CO2 in N2, at desired pressures. 

 
Figure 13.1. (a) Experimental setup of the NICE-OFCS experiment. EOM: 
electro-optic modulator, fPDH: Pound-Drever-Hall modulation frequency, fm: 
FMS modulation frequency, DDS: direct digital synthesizer, FC: fiber 
collimator, HWP: half-wave plate, f: lens, PBS: polarizing beam splitter cube, 
QWP: quarter-wave plate, PDi, Photodetectors, FTS: Fourier transform 
spectrometer. FFT: fast Fourier, FTS: Fourier transform spectrometer, BPF: 
band-pass filter, A: amplifier, LPF: low-pass filter, Ph: phase shifter, FFT: fast 
Fourier transform. (b) comb-cavity-sideband matching used in papers I, III, 
(c) comb-cavity-sideband matching used in papers III, VII and (d) comb-
cavity-sideband matching used in paper VII. 
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In the first demonstration of NICE-OFCS in paper I a free-running 
tunable RF source (not shown in the figure) was used to generate the 
modulation frequency and it was tuned manually to the proper value by 
minimizing the noise in the NICE-OFCS signal. Since the RF source 
frequency was not locked to the cavity FSR, the perfect matching between 
the two frequencies was lost after some time due to the drift of the cavity 
length. In order to compensate for this drift, the tunable RF source was 
replaced by a direct digital synthesizer (DDS, Analog Devices, AD9915) in 
papers III and VII using the fifth harmonic of the OFC repetition rate (i.e., 
1.25 GHz) as a clock input. The clock signal was measured at the second 
oscillator output of the OFC with a fast photodetector (Electro-Optics 
Technology, 3000A), whose output was filtered with a band-pass filter to 
remove the other harmonics. In this configuration, the modulation frequency 
was stabilized to the repetition rate of the laser, which in turn was locked to 
the cavity FSR. This stabilization eliminated the need for manual tuning or 
long-term control of the modulation frequency (to compensate for the drifts 
of the cavity length) and enhanced the long-term stability of the system. 

The OFC output of the interferometer was detected by a 1-GHz bandwidth 
InGaAs detector (Electro-Optics Technology, 3000A) which was 
synchronously demodulated at the modulation frequency (fm1,  fm2 or fm3) for 
out-of-phase detection adjusted using a phase shifter between the DDS 
output and the local oscillator input of the (double-balanced) mixer. Fast 
Fourier transform of the OPD-calibrated NICE-OFCS interferogram yielded 
the NICE-OFCS signal (spectrum). 

13.2. Interferograms and noise immunity 

Figure 13.2 shows the out-of-phase NICE-OFCS interferograms from both 
cavities recorded for an OPD scan from 0 to 120 cm, which lasts 1.5 s. Panel 
(a) shows the out-of-phase interferograms for cavity 1 with fm1 = FSR1 = 333.3 
MHz (papers I, III), panel (b)  for cavity 2 with fm2 = 3FSR2 = 562.5 MHz 
(papers III, VII), and panel (c) for cavity 2 with fm3 = FSR2 = 187.5 MHz 
(paper VII). As expected, the dominating features in the out-of-phase 
interferogram were found to be the bursts originating from the background 
signal present in the last term of Eqs. (7.7) and (7.9). Due to the different 
effective comb mode spacing in cavity transmission and different modulation 
frequencies, the positions of these bursts and their relative amplitudes were 
dissimilar for the two cavities. The amplitudes of the bursts followed the 
corresponding sine envelope [the envelopes from Eqs. (7.7) and (7.9) are 
drawn by the dashed and dotted lines in the figure], and there were no bursts 
where this envelope was equal to zero. For detection of the NICE-OFCS 
signal, the acquisition range was limited to a symmetric range around one 
burst (indicated in Figure 13.2), which yielded a spectral resolution equal to 
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the effective comb mode spacing in cavity transmission. The sub-nominal 
resolution method was not used, since the absorption lines were broader 
than the effective comb mode spacing. The scan over the indicated 
acquisition ranges took 0.38 and 0.50 s for the two cavities, respectively.  

To demonstrate how the SNR decreases with detuning of the modulation 
frequency from the (multiple of) FSR, Figure 13.3 shows the NICE-OFCS 
interferogram and signal for cavity 1 filled with 1% of CO2 in N2 at 500 Torr, 
when  fm1 was matched to the FSR1 in (a) and (c) and when it was detuned by 
20 kHz from the FSR1, which was 28% of the cavity linewidth, in (b) and (d). 
The degradation of the noise immunity due to the mismatch is evident in 
both the interferogram and spectrum (paper I).   

  
Figure 13.2. The out-of-phase NICE-OFCS interferogram as a function of 
optical path difference together with the sine (dashed curve) and cosine (dotted 
curve) envelope factors, drawn as a guidance to the eye, for (a) cavity 1 with fm1 = 

FSR1 = 333.3 MHz,  (b) cavity 2 with fm2 = 3FSR2 = 562.5 MHz, and (c) cavity 2 
with fm3 = FSR2 = 187.5 MHz. The acquisition range is limited to a symmetric 
range around one burst, which yields spectral resolution equal to the effective 
comb mode spacing in cavity transmission, 1 GHz in (a) and 750 MHz in (b) and 
(c).  
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Figure 13.3. Zoom of the NICE-OFCS out-of-phase interferogram for cavity 1 
when the modulation frequency is (a) precisely tuned to the cavity FSR and (b) 
detuned by 20 kHz from the cavity FSR. The corresponding NICE-OFCS signal 
(spectrum) from 1% of CO2 in 500 Torr of N2 when the modulation frequency is 
(c) precisely tuned to the cavity FSR and (d) detuned by 20 kHz from the cavity 
FSR. 

13.3. Spectra 

Figure 13.4 (paper III) shows CO2 NICE-OFCS absorption signals from 
the two cavities normalized to corresponding background spectra taken with 
cavities filled with pure N2. Cavity 1 was filled with 1% of CO2 in N2 and 
cavity 2 with 200 ppm of CO2 in N2, both at a total pressure of 500 Torr. At 
this pressure, the average FWHM linewidth of the CO2 absorption lines is ~3 
GHz. The modulation frequencies/resolutions of the cavity 1 and 2 were 
333.3 MHz/1 GHz and 562.5 MHz/750 MHz, respectively.  

Figure 13.4 (a) and (d) show the wavelength-dependent cavity finesse for 
the two cavities (black dots) measured by cavity ring-down, together with a 
third-order polynomial fit to the data (red curves). Panels (b) and (e) show 
the measured (in black, 20 averages) and fitted (in red, inverted for clarity) 
spectrum for each cavity. The theoretical spectrum for the fit was calculated 
using the simplified model of the NICE-OFCS signal (see Sec. 7.2.2), 
wavelength-dependent cavity finesse, transition parameters found in the 
HITRAN database and Voigt profiles. The comb-cavity offset due to the 
cavity dispersion was neglected in the fits and a third-order polynomial and 
a sum of low-frequency sinusoidal etalon fringes were used to correct the 
baseline. The corresponding residuals are shown in the lower panels, (c) and 
(f).  
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Figure 13.4. Experimental and fitted NICE-OFCS signals from cavity 1 (upper 
figure, fm1 = FSR1 = 333.3 MHz) and 2 (lower figure, fm2 = 3FSR2 = 562.5 MHz). 
(a) and (d) Cavity finesse measured by cavity ring-down (black dots) along with 
a third-order polynomial fit (red). (b) and (e) Normalized NICE-OFCS 
absorption signals (black, 20 averages) from (b) 1% CO2 in N2 in cavity 1 and (e) 
200 ppm of CO2 in N2 in cavity 2, both at 500 Torr total pressure, along with 
fitted spectra calculated using the simplified model (red, inverted for clarity). (c) 
and (f) Residuals of the fits 

The theoretical model and the experimental data show in general a good 
agreement over the entire spectral range; however, some structures still 
remain on the residual of the fits, especially for cavity 1. The mirrors for 
cavity 1 were designed for minimum dispersion at 1530 nm, while those for 
cavity 2 were designed for 1570 nm. Therefore, the spectra from cavity 1 were 
measured away from the minimum-dispersion design wavelength, which 
caused a larger comb-cavity offset and thus larger dispersion overshoots in 
the absorption lines compared to the spectra from cavity 2. This frequency 
offset between the comb and cavity modes was not included in the fitted 
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model, which is the cause of the asymmetric structures visible in the 
residual, e.g., around 1570 and 1578 nm. The structure visible in the residual 
of the spectrum measured in cavity 2 is more symmetric around each 
absorption line. Using the simplified model can cause symmetrical structures 
in the residual around the absorption lines depending on the ratio of the 
modulation frequency and the linewidth of the absorption lines (as is 
extensively discussed in paper VII); however, the main reason for the 
symmetric residual for the cavity 2 measurement was found to be the 
detector saturation (explained in paper VII) due to the high optical power 
on the detector in the FTS. The detector saturation reduced the burst 
intensity compared to the wings of the interferogram, which manifested 
itself as higher intensities of the absorption lines after the FFT, which in turn 
yielded an elevated gas concentration from the fit and a structure in the 
residuum. The CO2 concentrations returned by the fits were 0.99% for cavity 
1 and 210 ppm for cavity 2. Despite ignoring the comb-cavity offset in the 
measurement and the partial saturation of the detector, the first value was 
within the specified 1% uncertainty of the CO2 sample. The larger 
discrepancy of the second value (5%) was mostly due to the inaccuracies in 
the gas mixing process (~2%). 

In paper VII the optical power on the detector was reduced to avoid 
saturation. The comb-cavity offset (for cavity 2) was found from fits to the 
individual CO2 lines and considered in the fitting model [see Eq. (6.10)]. In 
addition, the modulation frequency was decreased to fm3 = FSR2 = 187.5 MHz 
to decrease the systematic error caused by using the simplified model. Figure 
13.5 shows normalized NICE-OFCS absorption signals from cavity 2, for 
1000 ppm of CO2 in N2 at a total pressure of 350 Torr. Panel (a) shows the 
wavelength-dependent cavity finesse (black dots), together with a third-
order polynomial fit to the data (red curve). Panel (b) shows the measured 
comb-cavity offset (black dots) together with a third-order polynomial fit to 
the data (red curve). Panel (c) shows the measured (in black, 100 averages) 
and fitted (in red, inverted for clarity) NICE-OFCS spectra. The theoretical 
spectrum for the fit was calculated using the simplified model of NICE-OFCS 
signal, wavelength-dependent cavity finesse and comb-cavity offset, 
transition parameters found in the HITRAN database and Voigt profiles. A 
third-order polynomial and a sum of low-frequency sinusoidal etalon fringes 
were used to correct the baseline. The residual, shown in the panel (d), 
demonstrates that the general agreement between the measurement and the 
model was very good over the entire spectrum. The small remaining residual 
came mostly from errors in the determination of the comb-cavity offset. The 
concentration found from the fit was 1017.8(2) ppm. The discrepancy from 
the expected value [1000(2) ppm] was larger than the combined error from 
the fits and from the use of the simplified model (<0.5%), and it was 
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presumably caused by the uncertainties of the gas pressure controller and 
errors in the cavity finesse measurement. 

 
Figure 13.5. Experimental and fitted NICE-OFCS signals from cavity 1 with  
fm3 = FSR2 = 187.5 MHz. (a) Cavity finesse measured by cavity ring down (black 
markers), together with a third-order polynomial fit (red curve). (b) Comb-
cavity offset, δν, found from the line by line fitting (black dots), together with a 
third-order polynomial fit (red curve). (c) Normalized NICE-OFCS spectrum (in 
black, 100 averages) of 1000 ppm CO2 in N2 at a total pressure of 350 Torr, 
together with a fit of the simplified model (in red, inverted). (d) Residual from 
the fit. 

13.4. Sensitivity and long term stability 

The NEA was estimated [using Eq. (9.5)] to be 3.1×10−8 cm-1 Hz -1/2 for 
cavity 1 and 4.2×10−9 cm-1 Hz -1/2 for cavity 2 and the FoM was estimated 
[using Eq. (9.6)] to be 6.2×10−10 cm−1 Hz−1∕2 for cavity 1 and 6.4×10−11 cm−1 
Hz−1∕2 for cavity 2 (paper III). To demonstrate the long-term stability of the 
FTS-based NICE-OFCS technique for unstabilized and stabilized modulation 
frequencies and estimate the concentration detection limit for each case, the 
Allan deviation of the CO2 concentration retrieved from multiline fitting of 
NICE-OFCS CO2 spectra to normalized background spectra was measured 
(see Sec. 9.5). The corresponding Allan-Werle plots are shown in Figure 13.6 
(paper III). The measurement result for cavity 1 with stabilized DDS is 
shown with solid blue circles while that from an unstabilized RF source is 
shown with open cyan circles. Similarly, the measurement results for cavity 2 
with DDS is shown with solid red squares and with RF source is shown with 
open orange squares. The CO2 concentration detection limits for the 
stabilized case, given by the slopes of the fitted lines to the white-noise 
dominated regimes (black dashed lines) of each cavity measurement using 
the DDS, were found to be 3.3 ppm Hz−1/2 for cavity 1 and 0.45 ppm Hz−1/2 
for cavity 2. The absolute minimum detectable concentration of CO2 was 140 
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ppb after 520 s of integration in cavity 1, and 25 ppb after 330 s in cavity 2. 
Notice that for short integration times, using the DDS and the RF source 
yielded almost the same noise levels since the RF source was initially tuned 
precisely to the correct frequency. At longer times, however, the cavity FSR 
drifted due to the thermal expansion of the cavity length causing a mismatch 
between the fixed RF frequency and the cavity FSR. This mismatch 
deteriorated the noise immunity and caused increased noise in the spectrum 
and thus worse minimum detection limits which is reflected in the linear 
drift visible in the Allan–Werle plot after 60 s for cavity 1 and after 90 s for 
cavity 2. 

  
Figure 13.6. The Allan–Werle plot of the minimum detectable CO2  
concentration measured in the two cavities using different modulation 
frequency sources (cavity 1 with DDS—solid blue circles, cavity 1 with RF 
source–open cyan circles, cavity 2 with DDS—solid red squares, and cavity 2 
with RF source—open orange squares). The dashed black lines show the linear 
fits to the white-noise dominated regimes of each cavity measurement using the 
DDS. 

In conclusion, in paper I we demonstrated, for the first time, noise-
immune cavity-enhanced optical frequency comb spectroscopy (NICE-
OFCS) and achieved shot noise limited absorption sensitivity for detection of 
CO2 at the 3ν1+ν3 overtone band around 1575 nm. In paper III we showed 
that by using the simplified model of the out-of-phase NICE-OFCS signal, 
and a multiline fitting method we could extract the concentration from the 
measured spectra with <5% error. We improved the long-term stability and 
low-noise performance of the system by stabilizing the modulation frequency 
to the cavity FSR. We achieved a FoM of 6.4 × 10−11 cm−1 Hz−1∕2 per spectral 
element in a cavity with a finesse of ~9000 and a minimum detectable 
concentration of 25 ppb of CO2 in 330 s. In paper IIV we made a 
quantitative study of the accuracy of the simplified analytical model. We 
found that the accuracy of this simplified model depends on the ratio of the 
modulation frequency to absorption linewidth (fm/Γabs) and that it is best for 
lower ratios. Therefore the modulation frequency for NICE-OFCS 
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measurements should be chosen to be the lowest possible, i.e., equal to the 
cavity FSR, in order to maximize the signal and minimize the error of the 
simplified model for a particular absorption linewidth. We found that the 
structures visible in the residuals of the fits shown in paper III had three 
origins: partial saturation of the FTS detector, using the simplified model for 
fitting to absorption lines with a rather high fm/Γabs ratios of 0.17, and 
ignoring the comb-cavity offset. By addressing all of these issues we obtained 
a nearly structureless residual for fitting to the simplified model to the 
measured NICE-OFCS spectrum. We showed that the precision of the 
retrieved concentration was not limited by the theoretical model used for 
fitting, but instead it was given by systematic experimental errors.  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  



 

126 

14. Optical parametric oscillator and 
mid-infrared FTS (papers V, IX) 

As mentioned in Sec. 2.2.2, the maximum achievable wavelength of low 
repetition rate (<1 GHz) direct comb sources is still limited to the NIR range 
(<3 μm) and to reach the MIR range, where the fundamental molecular 
vibration modes lie, one should develop indirect sources using optical 
parametric oscillators (OPOs) or difference frequency generation (DFG). In 
particular, OPOs based on orientation patterned gallium arsenide (OP-GaAs) 
crystals pumped by Cr:ZnSe or Tm:fiber femtosecond lasers [58, 110] have 
made it possible to reach wavelengths beyond ∼4.8 μm, a barrier for well-
established oxide-based materials.  

Therefore, we developed a doubly resonant optical parametric oscillator 
(DROPO) based on an OP-GaAs crystal pumped by a Tm:fiber femtosecond 
laser, operating in the 3.1-5.4 μm. Two different spectroscopic setups were 
based on the DROPO comb source, OFCS using a multipass cell and FTS 
(which is presented in this chapter) and continuous-filtering Vernier 
spectroscopy (which is discussed in the next chapter). 

14.1. Tm:fiber femtosecond laser  

The DROPO pump is a mode-locked Tm:fiber femtosecond laser (custom-
made by IMRA America) with a repetition rate of 125 MHz that delivers ∼90 
fs pulses with maximum average power of 2.5 W in the 1.94–1.97 μm range. 
The laser frep is controlled by a slow PZT (~1 kHz bandwidth) with a large 
travel range and a small fast PZT (~70 kHz bandwidth) with a short travel 
range. The f0 of the comb is controlled via the current of the OFC pump diode 
laser (~3 kHz bandwidth) and a fast electro-optic amplitude modulator. The 
laser is equipped with an f-2f interferometer that allows monitoring of f0. A 
beat note between a stable cw diode laser at 1563.87(1) nm and its nearest 
comb mode is also provided, which can be directly monitored by a fast 
photodetector and used for locking the comb in the optical domain.  

14.2. Doubly resonant optical parametric oscillator (papers 
V, IX) 

The schematic of the DROPO is shown in Figure 14.1. The DROPO was 
based on the OP-GaAs crystal (BAE Systems) synchronously pumped by the 
Tm:fiber comb. It had a similar design to that in [58], with a 2.4-m-long ring 
cavity, comprising a dielectric-coated input coupler (IC, custom-made by 
LohnStar Optics), two concave gold mirrors (M1,2) with 50 mm radius of 
curvature, and three plane gold mirrors (M3–5). The IC had high reflectivity 
(R > 99%) in the 3–6 μm range and was anti-reflection-coated (T > 85%) for 
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the pump wavelengths. Mirror M5 was attached to a PZT and mounted on a 
motorized translation stage (TS, Thorlabs, LNR25ZFS). The Brewster-cut 
0.5-mm-thin OP-GaAs crystal had a fixed reversal period of 53 μm. The 
DROPO cavity was purged with N2 to minimize the absorption by 
atmospheric species. Up to 48 mW of combined signal/idler power was 
coupled out using a thin film pellicle beam splitter [output coupler (OC), 
Thorlabs, BP145B4] deployed near the Brewster angle. The DROPO output 
was also monitored for stabilization and diagnostic purposes with a PbSe 
photodetector (PD, Thorlabs, PDA20H) placed after the IC. 

 
Figure 14.1. Schematic of the DROPO experimental setup. HWP: half-wave 
plate, M:  mirrors, IC: input coupler, M1–5: DROPO cavity mirrors, OC: output 
coupler, PZT: piezoelectric transducer, TS: translation stage, LPF: longpass 
filter, PD: photodetector.  

Doubly resonant operation of the DROPO (in degenerate and 
nondegenerate mode) was achieved at a set of discrete cavity lengths 
separated by the center wavelength of the pump laser [58]. Continuous 
operation at a particular signal/idler wavelength range was achieved by 
locking the repetition rate of the pump laser to the FSR of the DROPO cavity 
using the dither-and-lock method. The cavity length was modulated at 12 
kHz via the PZT attached to M5, and synchronous demodulation of the 
output of the PD using a lock-in amplifier (Stanford Research Systems, 
SR830) yielded an error signal which was fed to a slow PZT acting on the  frep 
of the Tm:fiber laser via a PI controller (New Focus, LB1005). The closed-
loop bandwidth of the lock was 300 Hz, which was sufficient since the 
finesse of the DROPO cavity was quite low (~20). The carrier-envelope offset 
frequency of the pump laser was free running.  

A few typical DROPO output spectra recorded with an FTS are shown in 
Figure 14.2. The absorption lines were attributed to the atmospheric species 
in the beam path between the DROPO and the detector in the FTS. The dip 
in the idler spectra around 4.5 μm was due to low reflectivity of the IC 
around this wavelength (caused by the coating design). In the non-
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degenerate operation mode, the DROPO output consisted of a signal comb 
with ~250 nm bandwidth tunable between 3.1-3.6 μm and an idler comb 
with ~350 nm bandwidth tunable in the 4.6-5.4 μm range, providing up to 
28 mW of signal and 20 mW of idler power. 

 
Figure 14.2. The signal/idler spectra measured with the FTS and the 
corresponding discrete oscillation peaks monitored by the PbSe detector (inset).  

14.3. MIR comb spectroscopy using FTS and multipass cell 
(paper V) 

We developed an FTS in conjunction with a multipass cell for precision 
molecular spectroscopy in the entire bandwidth of the DROPO. The sub-
nominal resolution method was not used in this experiment, since the 
measured absorption lines were broader than the frep of the laser.  

14.3.1. Experimental setup 

The experimental setup is shown in Figure 14.3.  

 
Figure 14.3. Experimental setup of the FTS-based comb spectroscopy in MIR 
using a multipass cell. f: lens, M: mirror, BD: Balanced detector. 

The MIR FTS was based on the design discussed in Sec. 6.1 and had a 
similar layout to the NIR FTS presented in Sec. 10.4. The linear translation 
stage was of the same type, but had a shorter travel range (35 cm). The OPD 
was calibrated using a stable cw diode laser at 1563.87(1) nm. The reference 
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laser interferogram was detected by a 5-MHz bandwidth InGaAs detector 
(Thorlabs, PDA20C). The MIR interferogram was acquired with two ac-
coupled 20-MHz bandwidth HgCdTe detectors (VIGO System, PVI-4TE-6) 
in balanced configuration connected to a low noise differential amplifier 
(Stanford Research Systems, SR560). The output of the amplifier yielded the 
interferogram which was recorded with a 2-channel data acquisition card 
(National Instruments, PCI-5922) along with the interferogram of the 
reference laser.  The balancing of the HgCdTe detectors was done manually 
by slightly misaligning the beam imaged on the HgCdTe detector with larger 
output voltage, to minimizing the noise level on the differential amplifier 
output in the time domain. The FTS acquired a single spectrum with 250 
MHz or 1 GHz resolution in 1.5 s and 0.375 s, respectively, with a dead time 
of 0.3 s when the retro-reflectors changed direction.  

The multipass cell (Aerodyne Research, AMAC-76) had an optical path 
length of 76 m with a base length of 32 cm and volume of 0.5 l. It was 
connected to a gas flow system and a supply of pure N2 and calibrated gas 
samples of 49 ppm of CH4 and 100 ppm of NO, both in N2. The flows of the 
buffer gas and the two calibrated gases were adjusted independently by 
programmable flow controllers (Bronkhorst, F-201CV). This allowed mixing 
the calibrated gases with pure N2 to obtain lower concentrations in the 
multipass cell. A vacuum pump was connected to the cell outlet via a 
programmable pressure controller (Bronkhorst, P-702CV), which stabilized 
the pressure inside the cavity to a desired set value between 20-750 Torr. 

14.3.2. Spectra of calibrated gas samples 

To verify the performance of the spectrometer, we measured absorption 
spectra of 4.9 ppm of CH4 at 3.3 μm and 10 ppm of NO at 5.25 μm, both at 
100 Torr. These spectra are shown in black in Figure 14.4 together with fits 
of the corresponding model spectra calculated using HITRAN database 
parameters with concentration as the fitting parameter (red). The spectra 
were normalized to background spectra measured when the multipass cell 
was filled with N2, and a sum of a third-order polynomial and low frequency 
etalon fringes was used to correct the remaining baseline. Notice that data 
points where strong atmospheric water absorption prevents normalization 
were removed from the NO spectrum. The residuals, shown in the lower 
panels, indicated that the general agreement with the model was very good. 
The remaining structure was presumably caused by the use of the Voigt 
lineshape, nonlinearities in the FTS detectors, and the fluctuations in the gas 
flow system. The concentrations from the fits were 4.91(16) ppm for CH4 and 
9.80(23) ppm for NO, where the error was the standard deviation of 10 
consecutive measurements. The mean values were within the accuracy of the 
corresponding gas samples (2%), while the error was caused by the 2% 
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fluctuations of the flow controllers used for gas dilution. This was the first 
demonstration of broadband NO spectrum in its fundamental ro-vibrational 
band around 5.25 μm acquired with optical frequency comb spectroscopy. 

  
Figure 14.4. Absorption spectra (black, no averaging, 250 MHz resolution) of 
(a) 4.9 ppm of CH4 and (c) 10 ppm of NO, both in 100 Torr of N2, measured with 
the FTS, along with fitted spectra calculated using absorption line parameters 
from the HITRAN database and Voigt profiles (red, inverted) and the residuals 
of the fit (lower panels). (b) and (d) depicts two zooms of (a) and (c), 
respectively, to show the fine absorption features better.  

14.3.3. Spectra of atmospheric species 

To demonstrate the multispecies detection in a complex mixture, we 
measured spectra of ambient air in the multipass cell at atmospheric 
pressure in the signal [Figure 14.5 (a)] and the idler [Figure 14.5 (c)] ranges. 
To retrieve the concentrations of the different atmospheric species, we fitted 
the sum of their model spectra (in color, inverted) along with a baseline to 
the measured spectra. The signal range yielded 0.57(2)% of H2O (red) and 
1.94(6) ppm of CH4 (blue), while the idler range revealed the presence of 
469(29) ppm of CO2 (magenta) and 46(17) ppb of CO (green), in addition to 
0.53(3)% of H2O. The zoomed-in spectra in (b), (d) and (e) along with the 
residuals of the fits show the good agreement between the measurement and 
the model. The NEA was estimated [using Eq. (9.5) ] to be 1.1×10−5 cm−1 
Hz−1∕2 for the signal and 2.9×10−6 cm−1 Hz−1∕2 for the idler and the FoM was 
estimated [using Eq. (9.6)] to 5.7×10−8 cm−1 Hz−1∕2 and 3.1×10−8 cm−1 Hz−1∕2 
per spectral element for the signal and idler ranges, respectively. From 
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multiline fitting, we estimated the minimum detectable concentration to be 
20 ppb Hz−1∕2 for CH4, 15 ppb Hz−1∕2 for NO (both at 100 Torr), 10 ppb Hz−1∕2 
for CO and 7 ppm Hz−1∕2 for CO2 (both at 760 Torr). 

  

 
Figure 14.5. Normalized transmission spectra (black, 10 averages, 1 GHz 
resolution) of air at atmospheric pressure in the (a) signal and the (c) idler 
wavelength ranges measured with the FTS, along with the fitted spectra for H2O 
(red), CH4 (blue), CO (green), and CO2 (magenta), inverted for clarity, and the 
residuals (lower panels). The spectral ranges where species other than H2O 
absorb are enlarged: (c) CH4, (d) CO and (e) CO2. 

In conclusion, in paper V we demonstrated a MIR FTS-based optical 
frequency comb spectroscopy system in conjunction with a multipass cell for 
precision molecular spectroscopy and multispecies detection in the 3.1-5.4 
μm wavelength range. The wavelength coverage of the comb source, a 
femtosecond DROPO, allowed (potential) detection of a long list of 
molecules such as CH4, NO, CO, CO2, H2O, as well as other hydrocarbons, 
O3, HCN, N2O, and NO2. Of particular importance was the ability to address 
the fundamental N=O stretch transitions at 5.25 μm, which had not been 
demonstrated before with optical frequency comb spectroscopy. The 
concentration detection limits for many molecules were in the low ppb 
levels, and the detection system was capable of resolving the spectral 
features of different species even in the presence of 100% water absorption. 
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15. Mid-infrared continuous-filtering 
Vernier spectroscopy (papers V, IX) 

The first implementation of the MIR CF-VS technique is presented in paper 
V. In this paper we measured the spectrum of atmospheric pressure 
laboratory air in the signal wavelength range of the optical parametric 
oscillator in a proof-of-principle experiment and reached a noise equivalent 
absorption coefficient of 6.2×10-7 cm-1 in 2 ms, demonstrating the potential 
of the technique for fast and sensitive detection in the molecular fingerprint 
region. However, the simultaneous spectral coverage was limited by the 
arrangement of the fixed grating and the photodetector, and the entire 
spectral range was measured piecewise by manually rotating the grating, and 
the pieces were attached together in post processing. Moreover, the relative 
frequency jitter of the comb modes with respect to the cavity modes 
prevented averaging of the spectra, and frequency calibration was not 
performed, which precluded fitting of the theoretical model in order to 
quantify the gas concentrations. We demonstrated an improved MIR CF-VS 
spectrometer in paper IX that allowed continuous acquisition of spectra in 
the entire signal range with efficient averaging and a calibrated frequency 
axis. The grating was mounted on a galvo scanner that rotated as the cavity 
length was scanned (see Sec. 8.2), and the two scans were synchronized by 
an active lock to keep the selected Vernier order fixed on the detector. This 
tight active lock ensured good frequency reproducibility of consecutive 
spectra and thus allowed long term averaging. The frequency scale was 
calibrated using a Fabry-Perot etalon or, alternatively, the galvo scanner 
position signal. The high quality of the experimental spectra enabled 
multiline fitting of a model and retrieving gas concentrations from the fit 
with high precision. 

15.1. Experimental setup 

The experimental setup of the MIR CF-VS is shown in Figure 15.1 (paper 
IX). The output of the DROPO was long-pass filtered to block the reminder 
of the pump power and the beam was mode-matched to the TEM00 mode of 
the Vernier cavity using two lenses. The cavity consisted of two dielectric 
concave mirrors with high reflectivity around 3.2 μm (LohnStar Optics, ZnSe 
substrate, 5 m radius of curvature) separated by 60 cm and yielding a finesse 
of ~320. The output mirror was mounted on a translation stage (TS) and 
attached to a PZT. The FSR of the Vernier cavity was equal to 2frep, so at 
perfect matching length (PML) every second signal comb mode was 
transmitted through the cavity. The idler wavelength was not resonant in the 
cavity. An iris in the center of the cavity blocked the higher order transverse 
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modes remaining after the mode-matching of the beam to the cavity, which 
were caused by the ellipticity of the signal beam originating from the angled 
concave mirrors in the DROPO cavity. Removing the transverse modes was 
crucial for the performance of the technique as they could overlap with the 
Vernier orders and thus distort the acquired spectrum by causing artificial 
absorption features. By closing the iris, the intensity of the strongest higher 
order transverse modes was reduced to ~1% of the peak intensity at the 
perfect matching point; however, since part of the TEM00 mode was also 
blocked by the iris, the finesse of the cavity was reduced by ~40% from the 
measured value without the iris. The cavity was placed in an enclosure that 
could be filled with gas samples of calibrated CH4, pure N2 or dry air using 
manual flow controllers. For measurement of laboratory air we closed the 
flow controllers and opened the enclosure. 

 
Figure 15.1. Experimental setup of the MIR CF-VS. HWP: half-wave plate, 
DROPO: doubly resonant optical parametric oscillator, LiA: lock-in amplifier, 
LPF: long-pass filter, f: mode-matching lenses, TS: translation stage, A: 
amplifier, Ph: phase shifter, SG: signal generator, GS: galvo scanner, G: 
diffraction grating, E: Fabry-Perot etalon, BS: beam splitter, DM: D-mirror,  
PD1-3: HgCdTe photodetectors. 

The wavelength-dependent cavity finesse was determined by fitting Airy 
functions to cavity mode profiles measured in transmission. The cavity 
length was dithered around PML by applying a 100 Hz sine wave to the 
cavity PZT and the f0 of the signal comb was adjusted to match the cavity 
offset frequency by equalizing the intensities of the two neighboring 
transmission peaks around the perfect match condition. The transmitted 
light was dispersed by a reflection diffraction grating. By rotating the grating, 
different wavelength ranges of the transmission were imaged on a DC-
coupled HgCdTe detector. Airy functions were fit to the transmission profiles 
measured at different wavelengths and the finesse was calculated from their 
linewidth with average relative uncertainty of 2% (paper IX).  

As discussed in Sec. 8.1, for Vernier spectroscopy, the cavity length was 
detuned from the PML by ΔL using the translation stage. The optimum 
number of the Vernier order was selected as a compromise between the 
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resolution and the SNR. A higher Vernier order yielded better resolution but 
also lower transmitted power, as fewer comb modes were contained in the 
order. We operated the spectrometer at negative Vernier order numbers 70–
80, corresponding to ΔL between -55 and -63 μm, which contained 28–33 
comb modes and yielded 7.0–8.2 GHz resolution, sufficient for detection of 
CH4 molecules at atmospheric pressure. The optical power in the selected 
order after the grating was ~10 μW, which yielded a maximum SNR on the 
Vernier signal of 650, limited by the detector noise.  

The light transmitted through the cavity was incident on the reflection 
diffraction grating (Thorlabs, GR1325-45031, 450 grooves/mm) mounted on 
a galvo scanner (Thorlabs, GVS011) to spatially separate the different 
Vernier orders. The galvo scanner was dithered at 20 Hz by a sine wave from 
a low-noise signal generator (SG, Agilent, 33210A). The same signal was fed 
forward to the cavity PZT through a phase shifter (Ph) and an amplifier (A), 
to simultaneously scan the length of the cavity. An active lock synchronized 
the two scans in order to keep the chosen Vernier order fixed in space. An 
iris after the grating blocked the higher and lower Vernier orders from 
reaching the detection system. The beam was split using a pellicle beam 
splitter (Thorlabs, BP145B4) deployed near Brewster angle and a small 
portion (~20%) of the beam intensity was sent through a Fabry-Perot etalon 
(4.0 mm thick uncoated CaF2 window, Thorlabs, WG50540) and focused on 
a DC-coupled HgCdTe detector (PD3, Vigo Systems, PVI-4TE-6) for 
frequency calibration. The transmitted part of the beam was cut by a D-
mirror and focused onto two DC-coupled HgCdTe detectors (PD1 and PD2, 
Vigo Systems, PVI-4TE-6). The difference of the outputs of the two detectors 
constituted the error signal for the frequency locking, while the sum yielded 
the Vernier signal (see Sec. 8.2). The spectrum was acquired during both 
directions of the galvo scan, each lasting 25 ms. The acquisition time was 
limited by the load on the galvo scanner that allowed sweep frequencies up 
to 20 Hz, and it was longer than the limit set by the adiabatic scan condition, 
which was 1.2 ms for the same spectral coverage and Vernier order [see Eq. 
(8.10)]. The Vernier spectrum and the Fabry-Perot etalon signal 
(alternatively the position signal of the galvo scanner) were recorded with a 
2-channel data acquisition card (National Instruments, PCI-5922) at 500 
ksample/s and 24-bit resolution and saved for further processing. 

15.2. Locking system 

Since the cavity PZT had a limited bandwidth and the pump laser was 
equipped with a much faster PZT, it was convenient to correct the large-
amplitude low-frequency fluctuations in the system by controlling the cavity 
length and the low-amplitude high-frequency fluctuations by regulating the 
frep (see Figure 15.1). Therefore the error signal was first fed via a PI 
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controller (‘Fast frep control’, New Focus, LB1005) to the fast PZT acting on 
the frep of the pump laser, which provided 45 kHz of closed-loop bandwidth. 
The output of the first PI controller was sent to a second PI controller 
(‘Vernier cavity FSR control’, New Focus, LB1005) connected to the Vernier 
cavity PZT to correct for slower drifts in the system (250 Hz closed-loop 
bandwidth). The fast corrections applied to the frep of the pump laser were 
not followed by the DROPO cavity length; however, they did not affect the 
intensity of the DROPO signal since the induced frequency shift, estimated 
to be ~500 kHz, was much smaller than the linewidth of the DROPO cavity 
(~6 MHz). 

The stability of the lock and thus the frequency stability of the CF-VS 
spectrum could be estimated from the open- and closed-loop error signals.  
Figure 15.2 (a) shows the open-loop error signal, i.e. the difference of the 
outputs of PD1 and PD2, for three consecutive Vernier orders (around -70th 
order, ΔL ≈ -55 μm) recorded as the cavity length was scanned linearly and 
the grating position was fixed.  

 
Figure 15.2. (a) Open-loop error signal for three consecutive Vernier orders 
(around the -70th order) recorded as the cavity length is scanned linearly while 
the grating position is fixed. (b) Closed-loop error signal while the spectrometer 
is locked to the -70th order and the grating position is fixed. 

The dips in the error signal were attributed to H2O absorption lines from 
the dry air sample in the cavity. The zero-crossings of the open-loop error 
signals from the successive orders were separated by FSRV = 1.4 THz, while 
the separation of the extrema of one order was determined by the size of the 
beam hitting the D-mirror. Assuming a linear relationship between the time 
and the frequency domains, the slope of the error signal in the time domain, 
920 V/s, was recalculated to 1.4 μV/MHz in the frequency domain using the 
time separation between the zero-crossings of the error signals in the time 
domain, equal to 2.2 ms. Figure 15.2 (b) shows the error signal when the 
feedback loop was closed. The standard deviation of the noise on the error 
signal was 200 μV, which translates into frequency stability of 140 MHz, 
calculated using the slope of the error signal. This implied that the frequency 
stability of the -70th order was equal to 2% of its resolution. This residual 
noise in the error signal was ~40% above the noise floor originating from the 
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thermal noise of the detectors (140 μV) that set the limit of the achievable 
frequency stability of the -70th Vernier order to 100 MHz in the current 
setup. 

When the cavity was filled with dry air and the grating was scanned 
[Figure 15.3 (a) and (b)] the frequency stability was estimated to be 170 
MHz, which was slightly worse compared to when the grating position was 
fixed. When the cavity was filled with laboratory air, the large H2O 
absorption decreased the SNR of the error signal at the positions of strong 
absorption lines, causing local loss of the locking and worse frequency 
stability (700 MHz) at the positions of these lines [Figure 15.3 (c) and (d)]. 
This effect caused a systematic distortion of the lineshape of the strong 
absorption lines in the Vernier spectrum. A more detailed discussion about 
the locking is presented in paper IX. 

 
Figure 15.3. (a) and (c) Open-loop error signals for -70th Vernier order 
recorded as the cavity length and the grating position are scanned 
simultaneously but slightly out of synchronization, when the cavity is filled with 
dry air (a) and laboratory air (c). (b) and (d) The corresponding closed-loop 
error signals. 

15.3. Frequency calibration  

The relative frequency scale of the Vernier spectrum was calibrated using 
the Fabry-Perot etalon signal from PD3. To remove absorption lines from the 
etalon signal, the output of detector PD3 was rescaled to correct for the 
different detector gains and divided by the Vernier signal. The normalized 
etalon signal was low-pass filtered to remove high frequency noise and the 
zero crossings of the fringes provided frequency markers separated by the 
FSR of the etalon, which was around 27 GHz. The frequency scale and the 
spectrum were linearly interpolated between these markers to keep the 
number of data points in the spectrum constant. The etalon FSR was 
determined by the thickness of the etalon and the wavelength-dependent 
refractive index of CaF2 was calculated using the Sellmeier equation [111]. 
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The absolute frequency scale was found by comparing the line positions in 
the spectrum to that listed in the HITRAN database. The frequency scale was 
multiplied by a small constant 2nd order polynomial function to correct for 
the inaccuracy in the dispersion relation of CaF2 and match the positions of 
the absorption lines to those in the HITRAN database. The relative 
frequency calibration was reproducible and the absolute scale could be 
found, in day to day operation, by a simple shift to match the positions of the 
absorption lines to that listed in HITRAN. 

In case of strong molecular absorption (cavity transmission <70% at the 
peak of the absorption line) the etalon fringes were strongly attenuated and 
their zero crossings could not be retrieved correctly. For such samples, the 
frequency scale was instead calibrated using the position signal of the galvo 
scanner. The position signal was low-pass filtered to minimize the noise and 
pre-calibrated using the etalon signal from an N2-filled cavity. The absolute 
frequency scale was again found by comparison to line positions listed in the 
HITRAN database. However, this time a 4th order polynomial correction 
function was needed to compensate the remaining discrepancies, which 
originated mainly from the alignment of the beam on the grating, and it was 
found to vary significantly from day to day. Thus calibration by the etalon 
was preferred whenever possible. 

15.4. Short term stability of the spectra 

To demonstrate the stability of the spectrometer, the cavity enclosure was 
filled with dry air and the Vernier spectrum was measured. Figure 15.4 
shows ten consecutive Vernier spectra measured using the -70th order with 
frequency scale calibrated using the etalon signal (paper IX).  

 
Figure 15.4. Ten consecutive Vernier spectra of dry air with frequency scale 
calibrated using the etalon. The top-left inset shows a zoom to the background 
spectra indicating the intensity stability. The bottom inset shows a zoom of the 
peak of a CH4 absorption line with standard deviation of the center frequency 
from consecutive measurements. 
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The overall frequency and intensity reproducibilities of the spectra were 
very good. The inset shows a zoom of the center of one of the CH4 absorption 
lines. The center frequency of this absorption line in each spectrum was 
found by fitting a 9th order polynomial to the data shown in the inset. The 
standard deviation of these frequencies was 180 MHz, which was consistent 
with the frequency stability of 170 MHz determined from the noise in the 
error signal shown in Figure 15.3 (b). This implied that the relative frequency 
stability was 2% of the linewidth of the absorption lines in the Vernier 
spectrum (10 GHz), which allowed efficient averaging of the spectra with 
negligible distortion on the absorption features. 

15.5. Spectra of calibrated CH4 sample 

To validate the performance of the spectrometer, Vernier spectrum of a 
calibrated sample of 5.00(5) ppm of CH4 in N2 at atmospheric pressure was 
measured, shown in Figure 15.5.  

  
Figure 15.5. (a) Wavelength-dependent cavity finesse (black circular markers) 
along with a 3rd order polynomial fit (red curve). The standard deviation of each 
measurement is shown by the corresponding error bar, (b) Normalized Vernier 
spectrum of 5 ppm of CH4 in N2 at atmospheric pressure (black, 8.3 GHz 
resolution, 10 averages, 250 ms) along with a fitted model (blue, inverted for 
clarity). (c) Residual of the fit. (d) and (f) Zooms of two different absorption 
features [black dots, indicated by ‘*’ and ‘+’ in (b)] along with the corresponding 
fits (blue curves). (e) and (g) The residuals of the fits. 

Panel (a) shows the wavelength-dependent cavity finesse, where the black 
circular markers are the averaged values of 20 consecutive measurements, 
the error bars are the standard deviations and the red curve is a 3rd order 
polynomial fit to the data. The fit was used in the calculation of the Vernier 
spectrum model. Panel (b) shows the Vernier spectrum of the sample (in 
black, 10 averages) normalized to a background spectrum measured when 
the cavity was filled with pure N2. The blue curve shows a fit of a CH4 Vernier 
spectrum with the concentration as the fitting parameter, calculated for the -
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69th order with line parameters from the HITRAN database and the 
wavelength-dependent cavity finesse. A sum of a third order polynomial and 
low frequency etalon fringes was fitted and subtracted from the data to 
compensate for the drift of the baseline. The residual of the fit is shown in 
panel (c), demonstrating that the general agreement between the measured 
spectrum and the model was good. Two different absorption features 
[indicated by ‘*’ and ‘+’ in (b)] are enlarged in panels (d) and (f) (black 
markers) along with the corresponding fit (blue curves) and the residuals of 
the fits are shown in panels (e) and (g). The structure remaining in the 
residuals was mainly caused by the remaining error in the frequency 
calibration and possibly by the different gains and nonlinearities in the 
response of the two detectors used for recording the spectrum (PD1 and 
PD2). The concentration retrieved from the fit was 5.00(3) ppm, where the 
error was the standard deviation of 10 consecutive measurements. This 
result agreed with the specified sample concentration, which showed that the 
accuracy of the spectrometer was better than 1% in 250 ms. 

Determining the exact number of the Vernier order from the detuning 
length, ΔL, was practically impossible as it changed by 0.8 μm between two 
consecutive orders. Therefore to determine it, we detuned the cavity length 
by approximately the desired value of ΔL from the PML and fitted the model 
to the Vernier spectrum with both concentration and the Vernier order 
number as fitting parameters. We rounded the Vernier order number found 
from the fit to the closest integer number and fixed it in the fits to spectra 
recorded while the system stayed locked. 

15.6. Spectra of dry air 

To demonstrate the quantitative multispecies detection using CF-VS, 
normalized Vernier spectrum of dry air at atmospheric pressure was 
measured, shown in Figure 15.6. Panel (a) shows the normalized measured 
Vernier spectrum (black) together with the fitted model Vernier spectra of 
CH4 and H2O (blue and red, respectively). The concentrations found from 
the fit were 2.007(9) ppm of CH4 and 113.3(5) ppm of H2O, where the CH4 
concentration agreed with that expected in air. The residual of the fit is 
shown in panel (b). For comparison, the same two spectral ranges as in 
Figure 15.5, now containing both CH4 and H2O lines, are enlarged in Figure 
15.6 (c) and (e) (black dots) along with the corresponding fits (CH4 in blue 
and H2O in red) and the residuals of the fits in (d) and (f). The structures in 
the residuum had lower amplitudes because the absorption in the spectrum 
was lower, which improved both the frequency stability and calibration. The 
concentrations of the two different species were determined with a good 
precision in a short measurement time. 
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Figure 15.6. (a) Normalized Vernier spectrum of dry air at atmospheric 
pressure (black, 8.2 GHz resolution, 10 averages, 250 ms) along with a fitted 
model spectrum of CH4 (blue) and H2O (red). (b) Residual of the fit. (c) and (e) 
Zooms of two different absorption features [black dots, indicated by ‘*’ and ‘+’ in 
(a)] along with the corresponding fits (CH4 in blue and H2O in red). (d) and (f) 
The residuals of the fits. 

15.7. Sensitivity and long term stability 

The NEA was estimated [using Eq. (9.5)] to be 5.2×10−8 cm−1 Hz−1∕2 and 
the FoM was estimated [using Eq. (9.6) ] to be 1.7×10−9 cm−1 Hz−1∕2 per 
spectral element (paper IX). To estimate the CH4 concentration detection 
limit and long term stability of the spectrometer, the Allan deviation of the 
CH4 concentrations retrieved from multiline fitting of CF-VS CH4 spectra to 
normalized background spectra was measured (see Sec. 9.5). The 
corresponding Allan-Werle plot is shown in Figure 15.7 (black dots).  

 
Figure 15.7. The Allan–Werle plot of the minimum detectable CH4 
concentration retrieved from fitting of the CH4 Vernier spectra to normalized 
background spectra (black dots) and the linear fit to the white-noise-dominated 
regime (red dashed line). 

The dashed red line shows the linear τ−1/2 dependence characteristic for 
the white-noise-dominated regime that was fitted to the corresponding 
measurement points. The CH4 concentration detection limit, given by the 
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slope of the fitted line, was 360 ppt Hz−1/2. The Allan–Werle plot showed that 
the absolute minimum detectable concentration of CH4 would be ~90 ppt 
after 16 s of integration (paper IX). 

15.8. Spectra of atmospheric air 

As mentioned earlier the position signal of the galvo scanner could be 
used for calibrating the spectra of strongly absorbing samples, when the high 
attenuation of the etalon signal prevented correct retrieval of its zero 
crossings for frequency calibration. To demonstrate this, a normalized 
Vernier spectrum of laboratory air at atmospheric pressure, measured using 
the -84th order and calibrated using the galvo scanner position signal, is 
shown in black in Figure 15.8 (a). The blue and red inverted curves show the 
fitted CH4 and H2O spectra, respectively, with the concentrations as the 
fitting parameter. The residual of the fit is shown in panel (b). The 
concentrations found from the fit were 2.08(1) ppm of CH4 and 0.641(1)% of 
H2O. Two different absorption features [indicated by ‘*’ and ‘+’ in (a)] are 
enlarged in (c) and (e) (black dots) along with the corresponding fits (CH4 in 
blue and H2O in red) and the residual of the fits are shown in Figure 15.8 (d) 
and (f). The general agreement between the measured spectrum and the 
model was still good, but the residual of the fit had larger amplitude and was 
more structured than in the spectra that were calibrated using the etalon. 
The main reason was the distortion and shift of the strong absorption lines 
caused by a local loss of the frequency lock. This could be easily identified in 
Figure 15.8 (c) by comparing the measured and model spectra.  

 
Figure 15.8. (a) Normalized Vernier spectrum of laboratory air at atmospheric 
pressure (black, 6.8 GHz resolution, 10 averages, 250 ms) with frequency scale 
calibrated using the galvo scanner position signal, along with a fitted model 
spectrum of CH4 (in blue) and H2O (in red). (b) Residual of the fit. (c) and (e) 
Zooms of two different absorption features [black dots, indicated by ‘*’ and ‘+’ in 
(a)] with the corresponding fits (CH4 in blue and H2O in red). (d) and (f) The 
residuals of the fits. 
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Nevertheless, even though the spectra had worse frequency precision 
compared to the etalon calibrated spectra, it was still possible to retrieve the 
concentrations with good precision. The local distortions of the strongest 
lines were averaged out by the multiline fitting procedure, and the larger 
area of H2O absorption yielded good precision in concentration 
determinations. 

In conclusion, in paper V we showed, for the first, time the viability of 
the CF-VS technique in the MIR range, using the DROPO comb source. We 
reached 40 ppb concentration detection limit for CH4 in 2 ms, despite of the 
limited simultaneous spectral coverage and relative frequency jitter of the 
comb and cavity modes that prevented averaging of the spectra, multiline 
fitting or frequency calibration. In paper IX we overcame all of these 
limitations and demonstrated a MIR CF-VS capable of acquiring a spectrum 
in the entire span of the signal comb (250 nm around 3.25 μm) with a 
resolution of 8 GHz in 25 ms. The active lock synchronized the scan of the 
grating and the cavity and enabled uninterrupted continuous operation and 
efficient averaging of the consecutive spectra over almost 3 decades, shown 
by an Allan-Werle plot. The performance of the locking was investigated and 
its effect on the frequency stability of the retrieved spectra was characterized. 
Two different methods of relative frequency scale calibration, using a Fabry-
Perot etalon or the position signal of the galvo scanner, were implemented 
and compared. The former method offered better precision and long term 
reproducibility, but it could not be used for highly absorbing samples, for 
which the latter method was used. The performance of the spectrometer was 
validated by measuring the Vernier spectra of a calibrated CH4 sample. Fast 
and high precision multispecies detection capability of the spectrometer in 
both calibration methods were shown by measuring CH4 and H2O 
concentrations in dry air and laboratory air with ~1% precision in 250 ms. 
The estimated minimum detection limit for CH4 was shown to be 360 ppt 
Hz−1/2 averaging down to an absolute detection limit of ~90 ppt at 16 s. 
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16. Conclusions and outlook 
 
The first aim of this thesis has been to improve the performance of comb 

spectroscopy based on FTS, in terms of sensitivity, resolution and spectral 
coverage. The second aim has been more application-oriented, focused on 
frequency comb spectroscopy in combustion environments and under 
atmospheric conditions for fast and sensitive multispecies detection.   

Three projects were realized to meet the first aim. In the first project we 
developed a new spectroscopic technique, so-called noise-immune cavity-
enhanced optical frequency comb spectroscopy (NICE-OFCS), and achieved 
shot-noise-limited operation and low ppb detection limits for CO2 in the 
near-infrared range using commercially available components. The results 
were presented in three publications (papers I, III, VII). We introduced 
the technique, developed an extended theoretical model, implemented it in 
the NIR wavelength range and optimized the performance of the system. 
Implementing the NICE-OFCS technique in the MIR wavelength range, 
where the strongest ro-vibrational molecular absorption lines reside, would 
be of particular interest in the future of this project; however, the most 
important bottleneck is the fact that no phase modulator with hundreds of 
MHz bandwidth, required to generate the sidebands, exists for the MIR 
wavelength range.  

In the second project we developed a novel method of combining the 
frequency comb and FTS, so-called sub-nominal resolution method, which 
allowed obtaining ultra-high spectral resolution and frequency accuracy 
(both in the kHz range) over the broadband spectral range of the frequency 
comb. The results were presented in three publications (papers IV, VIII, 
X). We demonstrated the principle of the sub-nominal resolution method, 
developed an extended theoretical model, and provided the experimental 
and numerical steps needed to retrieve ILS-free spectra from single-burst 
interferogram. We implemented the method in the NIR wavelength range 
and retrieved high resolution and precision broadband molecular spectra. 
We characterized the resonance modes of a high finesse cavity over a broad 
spectral bandwidth with kHz level resolution, and measured the dispersion 
of the cavity and intracavity samples. Measuring precise broadband 
dispersion of different species could be the next step in this project. Another 
interesting possibility is the precision broadband spectroscopy of different 
molecules and improving the accuracy of the measured (or calculated) 
transitions parameters in the NIR range. Probably the most exciting 
possibility of this method is to implement it in the MIR range with a high 
finesse enhancement cavity and a high average power comb source, probably 
a femtosecond OPO based on an OP-GaP crystal [112], so as to be able to 
simultaneously saturate different transitions of molecules and obtain 
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broadband Doppler-free spectrum. A high bandwidth PZT actuator in the 
cavity of the OPO with a similar design to that shown in [75] can provide a 
fast control of the cavity length and a similar comb-cavity locking to that 
shown in [44] can be employed. 

In the third project we developed a MIR femtosecond DROPO to reach the 
molecular fingerprint region. Of particular interest were the two wavelength 
ranges around 3.3 μm and 5.3 μm, where the fundamental C-H and N=O 
stretch transitions lie. The results were presented in paper V, where we 
demonstrated high precision, broadband spectra of different species in these 
two ranges with high absorption sensitivity using a multipass cell and an 
FTS. We achieved detection limits in the order of several ppb in a second for 
several species. We did not use the sub-nominal resolution method in this 
first demonstration, which is an obvious next step to achieve precision 
broadband spectroscopy of several different molecules and improving the 
accuracy of the measured transitions parameters in the MIR range. 
Improving the DROPO design will allow locking to an enhancement cavity 
enabling dispersion measurement of the cavity and intracavity species in the 
MIR range.  

In the first application-oriented project we demonstrated, for the first 
time, cavity-enhanced optical frequency comb spectroscopy in a flame, 
detecting high temperature H2O and OH spectra in the NIR range and 
showing its potential for combustion analysis and flame thermometry. The 
results were presented in two publications (papers II, VI). We performed 
quantitative measurements of OH radical concentration and temperature of 
the flame. The existing parameters of the high temperature H2O transitions 
(mostly calculated in the available databases) were not precise enough to be 
used for multiline fitting. Thus, the next step can be using our measurement 
results for verification of the calculated parameters. Using the MIR DROPO 
comb to perform spectroscopy in the flame is another interesting possibility, 
since it would allow to monitor the combustion process of different 
hydrocarbons; however, the lack of reliable parameters for high-temperature 
H2O transitions may be troublesome in the data analysis. The detection 
system in the MIR range can be either based on the FTS or continuous-
filtering Vernier spectrometer. The CF-VS technique can also be used in the 
NIR range instead of the FTS to perform Vernier spectroscopy in the flame. 
Vernier spectroscopy provides a reduced measurement time; however, at the 
expense of a lower frequency precision.  

In the second project we implemented the CF-VS technique in the MIR 
range for the first time, using the signal wavelength range of the DROPO. 
The results were presented in two publications (papers V, IX). The 
spectrometer was sensitive, fast, robust, precise, capable of multispecies 
detection, and suitable for detecting hydrocarbons. We demonstrated a sub-
ppb detection limit for CH4. Implementation of CF-VS for the idler range of 
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the DROPO could be the next step of this project which would allow 
simultaneous detection of several molecular species such as NO, N2O, O3 and 
CO. 
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17. Summary of the papers 

Paper I 

Noise-immune cavity-enhanced optical frequency comb 
spectroscopy 
A. Khodabakhsh, C. Abd Alrahman, and A. Foltynowicz 
Opt. Lett. 39, 5034-5037 (2014) 

In this paper the NICE-OFCS technique was demonstrated for the first 
time. We presented the basic equations of the FTS-based NICE-OFCS and 
verified the noise immunity of the technique. We measured the NICE-OFCS 
spectra of the CO2 absorption band around 1575 nm using the Er:fiber comb 
with absorption sensitivity of 4.3 × 10−10 cm−1 Hz−1∕2 per spectral element, 
close to the shot noise limit. 

 
I contributed to the construction and optimization of the experimental 

setup. I designed and implemented the electronics and control system for the 
PDH locking technique and frequency modulation/demodulation 
electronics. I contributed to the optimization of the FTS signal processing 
and was also involved in the development of the NICE-OFCS theory. I was 
responsible for the final measurements and wrote a substantial part of the 
manuscript. 

Paper II 

Cavity-enhanced optical frequency comb spectroscopy of high-
temperature H2O in a flame 
C. Abd Alrahman, A. Khodabakhsh, F.M. Schmidt, Z. Qu, and A. Foltynowicz  
Opt. Express 22, 13889 (2014) 

This paper is the first demonstration of the cavity-enhanced comb 
spectroscopy in a combustion environment and a technical achievement in 
the comb-cavity stabilization in a harsh environment for absorption 
spectroscopy. We retrieved high-temperature water absorption spectra in 
NIR using the Er:fiber comb with a resolution of 1 GHz and a bandwidth of 
50 nm in an acquisition time of 0.4 s, with absorption sensitivity of 4.2 × 
10−9 cm−1 Hz-1/2 per spectral element.  

 
I contributed to the construction and optimization of the experimental 

setup. I was responsible for the PDH locking system. I contributed to the 
final measurements and wrote part of the manuscript. 
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Paper III 

Noise-immune cavity-enhanced optical frequency comb 
spectroscopy: a sensitive technique for high-resolution 
broadband molecular detection 
A. Khodabakhsh, A. C. Johansson, and A. Foltynowicz 
Appl. Phys. B 119, 87-96 (2015)  

In this paper we presented a more detailed theoretical description of the 
FTS-based NICE-OFCS. We validated the model by comparison to the 
measured spectra in NIR using the Er:fiber comb, retrieving quantitative 
concentrations using multiline fitting. We improved the stability of the 
system and obtained absorption sensitivity of 6.4×10−11 cm−1 Hz−1∕2 per 
spectral element and absolute CO2 concentration detection limit of 25 ppb 
after 330 s of averaging.  

 
I implemented the modifications in the experimental setup and optimized 

its performance. I designed and implemented the locking system for 
stabilization of the modulation frequency to the cavity. I also contributed to 
the development of the theoretical description of NICE-OFCS signals. I was 
responsible for all measurements and involved in the analysis of the results. I 
wrote a substantial part of the manuscript. 

Paper IV 

Surpassing the path-limited resolution of Fourier-transform 
spectrometry with frequency combs 
P. Masłowski, K. F. Lee, A. C. Johansson, A. Khodabakhsh, G. Kowzan, L. 
Rutkowski, A. A. Mills, C. Mohr, J. Jiang, M. E. Fermann, and A. Foltynowicz 
Phys. Rev. A 93, 021802 (2016)  

This paper is the first demonstration of the FTS with sub-nominal 
resolution method using frequency combs, where we presented the principle 
of the method. Two independent experiments were demonstrated; we 
performed the NIR measurements, while our collaborators carried out the 
MIR measurements. We used Er:fiber comb for CE-OFCS with an FTS to 
measure undistorted broadband spectra of CO2 with absorption line widths 
narrower than the nominal resolution of the FTS. 

 
I contributed to the development of the sub-nominal resolution idea, as 

well as its implementation. I developed the locking system and was involved 
in the measurements. I wrote parts of the manuscript related to the NIR 
experimental setup and locking.   
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Paper V 

Fourier transform and Vernier spectroscopy using an optical 
frequency comb at 3-5.4 μm 
A. Khodabakhsh, V. Ramaiah-Badarla, L. Rutkowski, A. C. Johansson, K. F. 
Lee, J. Jiang, C. Mohr, M. E. Fermann, and A. Foltynowicz  
Opt. Lett. 41, 2541-2544 (2016)  

This paper is the first demonstration of comb spectroscopy beyond 5 μm 
(using the DROPO) as well as the first demonstration of the continuous 
filtering Vernier spectroscopy (CF-VS) in the MIR range. Using a multipass 
cell and an FTS we measured high precision broadband absorption spectra of 
CH4, NO, CO, CO2, and H2O in the signal and idler wavelength ranges; 
yielding minimum detectable concentrations of 10–20 ppbHz−1∕2 for CH4, 
NO, and CO. We also measured Vernier spectrum of CH4 and H2O at signal 
range, in a proof-of-principle experiment, reaching 40 ppb concentration 
detection limit for CH4 in 2 ms. 

 
I contributed to the implementation and optimization of the DROPO. I 

was fully responsible for the design, implementation and optimization of the 
FTS and CF-VS systems. I was responsible for all measurements and analysis 
of the FTS results and contributed to the analysis of the CF-VS results. I 
wrote a substantial part of the manuscript. 

Paper VI 

Detection of OH in an atmospheric flame at 1.5 μm using optical 
frequency comb spectroscopy 
L. Rutkowski, A. C. Johansson, D. Valiev, A. Khodabakhsh, A. Tkacz, F. M. 
Schmidt, and A. Foltynowicz 
Phot. Lett. of Poland 8, 110-112 (2016)  

In this paper we demonstrated the detection of OH radical in the flame 
using the CE-OFCS system in NIR based on the Er:fiber comb. We retrieved 
the relative variation of OH concentration and flame temperature in terms of 
the height of the beam above the burner and compared it to the simulations 
of the flame conditions.  

 
I was involved in the discussions about the data processing and 
measurements. I contributed to the preparation of the manuscript. 
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Paper VII 

Signal line shapes of Fourier-transform cavity-enhanced 
frequency modulation spectroscopy with optical frequency combs 
A. C. Johansson, L. Rutkowski, A. Khodabakhsh, and A. Foltynowicz  
J. Opt. Soc. Am. B 34, 358-365 (2017)  

In this paper we presented a thorough analysis of the FTS-based NICE-
OFCS signal line shapes and discussed the signal dependence on the ratio of 
the modulation frequency, fm, to the molecular linewidth, Γ. We compared a 
full model of the signals and a simplified absorption-like analytical model 
that has high accuracy for low fm ∕ Γ ratios and is much faster to compute. We 
verified the theory experimentally by measuring and fitting the NICE-OFCS 
spectra of CO2 at 1575 nm and also obtained a better multiline fitting result, 
by considering the comb-cavity offset in the model.  

 
I was involved in the electronics and control system for the PDH locking 
technique and frequency modulation/demodulation electronics. I also 
contributed to the preparation of the manuscript.  

Paper VIII 

Optical frequency comb Fourier transform spectroscopy with sub-
nominal resolution - principles and implementation 
L. Rutkowski, P. Masłowski, A. C. Johansson, A. Khodabakhsh, and A. 
Foltynowicz 
Submitted to J. Quant. Spectrosc. Radiat. Transfer 

In this paper we presented a full theoretical description of the sub-
nominal resolution method and described in detail the experimental and 
numerical steps needed to retrieve sub-nominal resolution molecular spectra 
from single-burst interferograms. We investigated the precision and 
accuracy of line parameters retrieved from absorption lines measured by this 
method and verified the performance by measuring ILS-free cavity-
enhanced low-pressure spectra of the 3ν1+ν3 band of CO2 using the Er:fiber 
comb. We observed and quantified collisional narrowing of absorption line 
shapes, for the first time with a comb-based spectroscopic technique.  

 
I was involved in the discussions about the theoretical description and 
numerical procedures of the method and also contributed to the preparation 
of the manuscript. 
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Paper IX 

Mid-infrared continuous-filtering Vernier spectroscopy using a 
doubly resonant optical parametric oscillator 
A. Khodabakhsh, L. Rutkowski, J. Morville, and A. Foltynowicz 
Submitted to Appl. Phys. B  

In this paper we demonstrated an improved MIR CF-VS spectrometer 
based on the DROPO that allowed continuous acquisition of spectra in the 
entire signal range with efficient averaging and a calibrated frequency axis. 
An active lock ensured good frequency and intensity stability of the 
consecutive spectra. We measured broadband Vernier spectra of pure CH4 as 
well as dry and laboratory air and extracted CH4 and H2O concentrations by 
multiline fitting of model spectra. The figure of merit of the spectrometer 
was 1.7×10−9 cm−1 Hz−1∕2 per spectral element and the minimum detectable 
concentration of CH4 was 360 ppt Hz-1/2, averaging down to 90 ppt after 16 s. 

 
I was fully responsible for the design, implementation and optimization of 

the improved CF-VS system. I was responsible for all measurements and 
contributed substantially to the analysis of the CF-VS results. I wrote a 
substantial part of the manuscript. 

Paper X 

Broadband cavity characterization using a Fourier transform 
spectrometer with kHz resolution  
L. Rutkowski, A. C. Johansson, G. Zhao, T. Hausmaninger, A. Khodabakhsh, 
O. Axner,  and A. Foltynowicz 
In manuscript 

This paper is the first demonstration of kHz-level-resolution by a 
mechanical FTS using the sub-nominal resolution method and the Er:fiber 
comb. We characterized the narrow resonance modes of a high-finesse cavity 
in the entire bandwidth of the OFC source. We used the frequencies of the 
resonances to retrieve broadband dispersion of the cavity mirrors and 
intracavity samples. We measured the broadband dispersion induced by CO2 
molecular transitions and verified the results by fitting a dispersion model to 
the measurement.  

 
I contributed to the preparation of the manuscript and took part in the 
discussions about the results. 
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