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Abstract

Ground heat storage systems can play an important role for the reduction of green
house gases emissions by increasing the exploitation of renewable energy sources
and “waste heat” with a consequent diminution of the use of fossil fuels.

A ground heat storage consists in an array of vertical boreholes placed in such
a way that promotes the mutual thermal interaction between the ground heat ex-
changers creating the necessary conditions required to effectively store and retrieve
heat. Suitable modeling tools for the estimation of the thermal behavior of these
systems are very important to build installations yielding economical performance
compatible with what expected during the design phase.

This thesis aims at giving a contribution in the development of the thermal
modeling of borehole heat storage systems. The main objective is introducing in
the modeling process a few features that are not usually considered in state of the art
models, with the goal of improving the representation of the physical phenomena.
These features are the mathematical description of the topology of the borehole heat
exchangers network, and the modeling of borehole fields with arbitrarily oriented
boreholes.

The detailed modeling of the topology of the borehole heat exchangers is ap-
proached with a network model. The overall geothermal system is discretized into
smaller systems called components. These are linked between each other in a net-
work fashion to establish the logical relations required to describe a given boreholes
connections arrangement. The method showed that the combination of a sufficient
level of discretization of the system and of a network representation yields respec-
tively the granularity and the flexibility required to describe any borehole field
connections configuration.

The modeling of non-vertical borehole fields is approached by developing a
method for the calculation of g-functions for these configurations. The method is
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an extension of a recent work done by Cimmino on the computation of g-functions
for vertical borehole fields. This modeling technique is based on describing bore-
holes as sets of stacked finite line sources and on the superposition principle. This
approach requires the computation of response factors relative to couples of finite
lines. A procedure for the fast computation of these response factors for the case
of arbitrarily oriented lines is given. This yields computational performance that
guarantees the practical feasibility of the methodology.

The last part of the thesis deals with the modeling of the storage system from
a broader perspective. The borehole field is considered as part of a larger system
constituted by several interacting components (i.e. heat pump, building, etc.).
Interactions play a key role in the resulting overall performance of these systems.
The analysis of the mutual relations between building envelope and borehole field
design is utilized as an example to highlight advantages and challenges of strategies
yielding a more integrated design.



Sammanfattning

System för bergvärmelager kan spela en viktig roll för att minska emissionerna
av växthusgaser och för att öka användningen av förnyelsebara energikällor och
spillvärme, och på så sätt minska beroendet av fossila bränslen. Ett bergvärmelager
består av en matris av vertikala borrhål placerade på ett sådant sätt att den ömse-
sidiga termiska interaktionen mellan markvärmeväxlarna skapar de förutsättningar
som krävs för att effektivt lagra och hämta värme. Pålitliga beräkningsverktyg
är mycket viktiga för att anläggningar ska kunna byggas som ger den ekonomiska
avkastning som förväntades när de projekterades.

Denna avhandling har avsikten att ge bidra till utvecklingen av verktygen för
termisk modellering av borrhålsvärmelager. Det främsta målet är att i en model-
leringsprocess introducera möjligheten att modellera några förhållanden som inte
hanteras i dagens modelleringsprogram och som kommer att göra dem bättre på
att beskriva de fysikaliska fenomenen. De funktionaliteter som introduceras gäller
topologi hos nätverket av enskilda borrhål i ett borrhålsvärmelager, dvs på vilket
sätt borrhålsvärmeväxlarna är sammankopplade, samt beskrivningen av borrhåls
värmelager där borrhålen har en godtycklig lutning.

Den detaljerade modelleringen av topologin hos de värmeväxlande borrhålen
i borrhålsvärmelagret utförs genom en nätverksmodell. Det geotermiska systemet
delas upp i mindre undersystem som kallas komponenter. Dessa lokala komponenter
länkas sedan samman till ett nätverk med de logiska samband som behövs för
att beskriva det arrangemang av sammankopplade värmeväxlarna som används i
det särskilda fallet. Denna metod visade att genom kombination av en tillräcklig
nivå av diskretisering av systemet och en nätverksrepresentation blir resultatet den
upplösningen och flexibilitet som behövs för att beskriva vilket bergvärmelager som
helst oavsett hur borrhålen är sammankopplade.

En metod för beräkning av g-funktionen för borrhålsfält där borrhålen lutar
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istället för att vara vertikala har utvecklats. Metoden är en vidareutveckling av ett
arbete som nyligen har publicerats av Cimmino, som behandlar vertikala borrhål.
Den modelleringsteknik som används är baserad på att borrhålen beskrivs som
en stapel av finita linjekällor, samt på superpositionsprincipen. Denna strategi
kräver att beräkning görs av responsfaktorerna för varje par av finita linjekällor.
Ett förfarande för snabb beräkning av dessa responsfaktorer har utvecklats för ett
generellt fall där linjerna har en godtycklig orientering. Detta ger en förutsättning
för att denna metod ska kunna användas i praktiken.

Den sista delen i avhandlingen behandlar systemet av bergvärmelager från ett
bredare perspektiv. Borrhålsfältet betraktas som en del i ett större system som
består av flera komponenter som påverkar varandra (såsom värmepump, byggnad
etc.). Växelverkan mellan dem spelar en nyckelroll vid värdering av total prestanda
hos dessa system. Analysen av de inbördes relationerna mellan design av klimatskal
och borrhålsfält används som ett exempel för att belysa möjligheter och utmaningar
som kommer av en mer integrerad konstruktion av dessa system.
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CHAPTER 1

Introduction

The world-wide energy use is increasing. Most of the primary energy supplied is
the result of the conversion of fossil fuels. These are quantitatively limited and
contribute substantially to greenhouse emissions that affect the environment. In
this context European Union is taking action with the 2020 climate and energy
package which set objectives to mitigate the effect of climate change. According
to these objectives, by 2020, 20% of the green house gases emissions have to be
reduced, 20% of the energy supplied must come from renewable sources and energy
efficiency should be increased by 20%.

Energy storage technologies can play a key role in this framework. An energy
storage introduces a buffer between energy supply and energy demand. This allows
to decouple to a certain extent these two sides, enabling the utilization of a given
amount of energy (or at least a portion of it), even if the time when this is available
on the supply side is not coincident with the time when it is needed on the demand
side. This feature is not necessary in traditional systems using fossil fuels, since
in this case energy is stored in the form of chemical energy within the fossil fuel
itself and can be utilized when needed via combustion processes. On the contrary,
for sources such as solar heat, wind power or waste heat, the availability of energy
varies in time, and might not match the need of the demand side. Hence, the
main impact that energy storage systems can have in the current energetic and
environmental context is increasing the potential of utilizing renewable energy and
“waste energy” (energy that would not be otherwise utilized) as supply sources.

This thesis is focused on the modeling of a particular energy storage system,
the ground thermal energy storage. This system is mainly used in the building
sector for heating and cooling applications. It can be effective when coupled with

1



2 CHAPTER 1. INTRODUCTION

heat pumps and it allows to exploit renewable energy sources, like solar energy,
or “waste heat”, such as heat recovered from exhaust air. The increase in the
adoption of ground thermal energy storage can have a large impact, since dwellings
are responsible for a large share of the energy use in the world.

A ground heat storage system consists in a set of vertical borehole heat ex-
changers placed in a confined area. Injection and extraction of heat takes place via
circulation of a working fluid within the ground heat exchangers. The temperature
difference between the circulating fluid and the ground in the region surrounding
the boreholes drives the heat transfer process. Boreholes are placed in such a way
that promotes mutual thermal interaction between ground heat exchangers to effec-
tively store heat, and reduces the thermal interaction between the storage volume
and the ground surrounding it [1].

Modeling the physical phenomena taking place in a ground thermal energy
storage and the interactions between the storage and other external systems is of
fundamental importance for design purposes, since it enables the prediction of the
life-time physical behavior based on scientific grounds. Hence modeling can give
the proper tools to achieve a design of the system yielding the expected economical
performance. This is crucial to provide satisfying design for these systems and to
promote their diffusion.

A great effort has been made by researchers during the last thirty years to
build modeling tools capable to cope with this tasks. The work done constitutes a
solid ground, and provides models capable of considering several important features
characterizing the problem.

In this thesis, this legacy is utilized as a baseline and as a starting point to
further develop three main areas of research within the topic of ground heat storage
modeling:

1. The modeling of the topology of ground heat exchangers networks. Model-
ing this aspect allows to include in the physical description of the problem
how the fluid is supplied and circulated in the system (i.e. parallel, series,
etc.). Standard software programs utilized for the modeling of borehole fields
usually consider only systems connected in parallel arrangement.The research
is focused on the development of a network model aiming at providing the
flexibility required to describe a wider range of borehole heat exchangers con-
nections set up.

2. The modeling of borehole field with arbitrarily oriented boreholes. Boreholes
are usually assumed to be vertical, but in a real installation this condition
might not apply either for a design choice or due to practical difficulties in
the drilling process. The research is focused on the extension of the method
developed by Cimmino et al. for the calculation of g-functions for vertical
borehole field [2] to the case of non-vertical boreholes.

3. The analysis of the relationship between the design of a borehole field and the
design of the building envelope. This topic can be located within the broader
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area of integrated design of systems featuring a borehole field. A strategy
based on parametric analysis is utilized for the exploration of a set of system
configurations, with the objective of quantifying the effect of mutual relations
between the design of a few selected subsystems on the perfomance of the
overall system.

1.1 Research objectives

The main objective of this research work is the exploration of strategies for improv-
ing the flexibility of state of the art modeling tools for the simulation of ground
heat storage systems. Special attention has been put also on the computational
efficiency of the adopted approaches, since this is key in determining whether a
method is practically applicable or not.

1.2 Methodology

The methodology used is based on literature review, physical modeling and simu-
lations. The literature review was utilized to gain insights on the state of the art
in the modeling of borehole fields and to find relevant research branches that could
be further improved or approached from a different perspective. At first, this back-
ground knowledge was employed mainly to implement models found in literature
with the objective of reproducing some of the results given by other researchers.
Later on, these models were modified to introduce new features in the physical
description of the problem. This strategy was applied both for the modeling of
the topology of the boreholes heat exchangers network, and for the modeling of
borehole field featuring non-vertical boreholes.

In the work regarding the analysis of the mutual relationship between boreholes
field design and building envelope design, a methodology based on simulations and
parametric analysis was utilized. This allowed to explore the behavior of a set of
system configurations, and assess the impact of certain parameters on the overall
performance of the system.

All the models developed were implemented via computer code. The choice of
a suitable programming language resulted to be very important given the emphasis
put on performance in this thesis work. The languages that have been tested are
C++, Python [3] and Julia [4]. In the end Julia was chosen since it combines the
ease of use typical of high level languages together with high performance.

1.3 Limitations

In the models utilized within this thesis, it is assumed that heat transfer is taking
place only by conduction, the material is homogeneous and isotropic and that the
undisturbed temperature of the ground is uniform. Although these are rather
common assumptions utilized in many classical models for the design of borehole
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heat storage, in a real installation these conditions might not apply, and the model
could fail in capturing some important aspects of the physical phenomena taking
place in the ground.

This study does not consider the effect of the thermal mass of the circulating
fluid, the effect of regional groundwater flow, the effect of flow through cracks
in the bedrock, the inhomogeneity of the ground, the oscillation of the ambient
temperature and the effect of the geothermal heat flow. Among these effects, the
most important in the context of ground heat storage simulations, according to the
author is the effect of regional ground water flow. This has a significant effect on
the temperature distribution in the ground if the effect of advection is dominant
over the one of conduction.



CHAPTER 2

Concepts and tools for the modeling of ground heat
storage systems

This chapter introduces some background elements on the modeling of borehole
fields. The target is presenting the basic characteristics of boreholes systems and
some of the available approaches for their physical modeling. The objective is not
giving a comprehensive literature review on the topic, but focusing on introducing
the modeling techniques that are functional for the research work presented in this
thesis.

2.1 Thermal analysis of a single borehole heat exchanger

Heat can be injected and extracted from the ground using ground heat exchangers
(GHEX). A GHEX consists in a plastic pipe made of high density polyethylene
inserted in a vertical borehole drilled in the ground (fig. 2.1). The gap between
the pipe and the borehole wall is usually filled with a grouting material. This
procedure is standard all over the world with the exception of Sweden, where the
natural ground water level is often utilized to fill the boreholes and no grouting is
performed.

Heat is exchanged by circulating a fluid within the pipe. Extraction takes place
if the inlet temperature of the fluid is lower compared to the temperature of the
ground region surrounding the borehole. This temperature gradient drives a heat
flow from the ground to the circulating fluid, and the fluid increases its temperature
along the pipe length.

5
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Borehole 

wall

U pipe

Grouting

material

Ground

Tfin

Tfout

Local

Problem

Global

Problem

Figure 2.1: Borehole heat exchanger model

A classical method to model the thermal behavior of a borehole heat exchanger
consists in splitting the analysis into two parts: a local problem adressing the ther-
mal interaction between the fluid flowing within a ground heat exchanger and the
borehole wall, and a global problem adressing the analysis of the thermal interaction
between the borehole and the region of ground surrounding it [5, 6] (fig. 2.1).

2.1.1 Local Problem

The local problem is adressed using a resistance model. The model is given by the
following set of equations:

q(t) = q′H = ṁ cp (Tfin(t)− Tfout(t)) (2.1)

T̄f (t)− Tb(t) = Rb q
′(t) (2.2)

T̄f = Tfin + Tfout
2 (2.3)

Eq. 2.1 gives the heat balance at the ground heat exchanger assuming quasi-steady
state condition. Eq. 2.2 estabishes that the difference between the mean fluid
temperature T̄f (t) and the temperature at the borehole Tb(t) is proportional to
the heat injected q′(t). The resistance Rb is a parameter that depends on the flow
regime, on the thermal properties of the grouting material and of the ground, and
on the geometrical properties of the borehole. Several publication on the calculation
of a suitable borehole thermal resistance are available in literature [1, 7–10].
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In equation 2.2, it is assumed that the temperature along the borehole surface
is uniform for a given time t and equal to Tb(t). Equations 2.1 and 2.2, are valid
with the assumption that the thermal capacities of the fluid and of the grouting
material can be neglected in the calculation.

2.1.2 Global Problem

The global problem consists in the calculation of the temperature Tb(t) as the heat
q(t) is injected in the ground. The problem involves the solution of the time-
dependent heat equation with heat generation, where the source term represents
the heat injected at the borehole heat exchanger.

A common assumption found in literature is that the ground is initially at an
undisturbed temperature T0, and that it is homogeneous and isotropic [5] charac-
terized by a thermal diffusivity αg and by a thermal conductivity kg. Given these
assumptions, the problem is reduced to the solution of a linear partial differential
equation. The linearity of the equation enables the utilization of the superposi-
tion principle. A standard methodology to calculate the solution for this problem
consists in the following three steps:

• Decomposition of the loading condition q′(t) as a summation of step functions.

• Determination of the response temperature at the borehole wall to a unitary
heat step injected in the ground heat exchanger.

• Construction of the solution as the superposition of the contribution of each
heat step.

The procedure of decomposition of the loading condition and of superposition of
the responses are shown in figure 2.2.

Decomposition of the loading condition

The loading condition q′(t) can be approximated as a piece-wise constant function.
This can be expressed as the summation of a finite number n of step functions.

q′(tn) =
n∑
k=1

∆q′(tk) u(tk − tn) (2.4)

∆q′(tk) = q′(tk)− q′(tk−1) (2.5)

where u(t) is the Heaviside unit step function.

u(t) =
{

1 if t > 0
0 if t < 0 (2.6)
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Figure 2.2: Decomposition of the loading condition as a summation of step functions and
construction of the solution as superposition of the contribution of each heat step.

Step response calculation

The calculation of the step response function consists in finding the temperature
variation θb(t) = Tb(t) − T0 for a loading condition q′(t) equal to the unit step
function u(t) applied to the borehole. A common strategy utilized in literature to
approach this problem involves the introduction of some simplification in the model
to make the problem analytically solvable. The main simplification regards the ge-
ometry of the heat source representative for the borehole. A literature review of the
solutions developed for modeling the source term due to a vertical borehole heat
exchanger is given by Javed [11]. Table 2.1 gives an overview of some important
analytical solutions available. The table shows how researchers have been inter-
ested in developing analytical solutions for increasingly refined models, in order to
improve the quality of the results obtained. The first models utilized for the dy-
namic thermal analyisis of borehole heat exchangers considered bidimensional heat
flows (infinite line source (ILS) and infinite cylindrical source (CS)). Successivily,
Claesson and Eskilson introduced the so-called finite line source model (FLS) [6].
This model allows to consider, the three dimensional nature of the heat transfer in
the ground: the finite length of the borehole and its position in space are accurately
modeled, and the heat losses taking place at the ground surface are taken into ac-
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count. The solution for this problem (model 3 in table 2.1) allows to compute θ
at any point (r, z) and time t. Zeng used the temperature at the mid point of the
active borehole length (r = rb, z = D + H/2 with D and H defined according to
fig. 2.3) as a representative borehole temperature θb. [12]. Lamarche found that
the mid point temperature overestimates the step response at the borehole and
proposed the average integral temperature along the borehole as a representative
temperature θb(t). He gave also a formulation for the fast computation of the so-
lution of this problem [13]. The problem proposed by Lamarche was solved also
by Claesson and Javed using a different strategy [14]. In table 2.1 (model 4) this
solution is reported in the form utilized by Cimmino et al. [2]. The formula is a
direct consequence of the work by Claesson and Javed but is more general since
it allows to compute the mean temperature along any line γ2 parallel to a vertical
finite line source.

Figure 2.4 gives an overview of the behavior of the step responses for all the
models given in table 2.1. The quantity denoted with g is the non-dimensional
response temperature θb(t)/(2πkg). The responses are plotted as functions of the
non-dimensional time t/ts, with ts= H2/9αg. The plot illustrates how in the
bidimensional models the temperature does not approach a constant value as time
approach infinity. On the contrary, for FLS models, the finite length of the heat
source and the effect of the boundary condition applied to the ground surface (B.C.
θ(r, 0, t) = 0), prevent the temperature in the ground from increasing indefinitely.
The finite line source model is accepted as a valid model for the thermal analysis
of single borehole heat exchangers for time-scales greater than a given threshold.
Eskilson suggested as limit of validity for line source models Fo= αt/r2

b > 20.

For the calculation of the temperature response in shorter time scales, none of
the models presented so far in this section yields satisfying results for a number of
reasons. For short time scales, the heat transfer takes place in a rather limited region
around the pipes. Therefore, in this case, a very accurate description of the heat
sources shape becomes even more important to get a representative solution of the
actual problem. For the same reason, it is also important taking into consideration
the thermal properties of the grouting which were not considered in ILS, CS, and
FLS models. Finally, for short time scales, the assumption made on the local
problem (section 2.1.1) of quasi-steady state flow is not satisfactory since in this
case the thermal capacity of the working fluid is affecting the thermal behavior of
the system. Several authors have been working in developing models to modify the
borehole thermal response for short-time scales using both numerical [17–19] and
analytical [14, 20, 21] approaches.
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Table 2.1: Solutions to step heat injection for various source shapes. The geometry of each
model is described in figure 2.3. The solutions feature the complementary error function erfc,
the exponential integral Ei and the Bessel functions J0, J1, Y0, Y1.

1
Infinite line
source (ILS)

Ingersoll 1954 [15]
θ(r, t) = − q′

4πkg
Ei
(
− r2

4kgt

)

2

Infinite
cylindrical
source (CS)
Carslaw and

Jaeger 1965 [16]

θ(r, t) = −
q′ 2
kg π2

∫ +∞

0

(
e
−z2 αg t

r2
b − 1

z2
(
J2

1 (z) + Y 2
1 (z)

)[
J0(rz/rb)Y1(z)− J1(rz/rb)Y0(z)

])
dz

3

Finite Line
source (FLS)
point solution
Claesson and

Eskilson 1987 [6]

θ(r, z, t) =
q′

4πkg

∫ D+H

D

( erfc
(
r+/
√

4αgt
)

r+ −
erfc
(
r-/
√

4αgt
)

r−

)
ds

r+ =
√
r2 + (z − s)2

r− =
√
r2 + (z + s)2

4

Finite Line
source (FLS)

mean temperature
along a line

Claesson and
Javed 2011 [14]
Cimmino and

Bernier 2014 [2]

θ̄γ2 (t) =
q′

2πkg
1

2H2

∫ +∞

1/
√

4αg t

( 1
s2 e
−r2s2

[
ierf ((D2 - D1 + H2)s)− ierf ((D2 - D1)s)

ierf ((D2 - D1 + H1)s)− ierf ((D2 - D1 + H2 - H1)s)
ierf ((D2 + D1 + H2)s)− ierf ((D2 + D1)s)

ierf ((D2 + D1 + H1)s)− ierf ((D2 + D1 + H2 + H1)s)
])
ds

ierf(x) =
∫ x

0
erf(t)dt = x erf(x)−

1
√
π

(1− e−x
2
)
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Figure 2.3: Source models schemes. In each of the four models, the source injecting a total
heat q′(t) is highlighted in red, and the point (or the line for model 4) where the temperature
θ is evaluated is highlighted in blue.
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Figure 2.4: Non-dimensional response g evaluated according to the models given in figure 2.3.
For the FLS models it was utilized rb/H = 0.00075 and D/H = 0.05.
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Superposition procedure

Once the step response g(t/ts) is given, the temperature Tb at time tn can be
calculated as the sum of the contribution given by each step:

Tb(tn)− T0 = 1
2πkg

n∑
k=1

∆q′(tk) g((tn − tk)/ts) (2.7)

Considering a constant time-step ∆t, a discrete version of the functions Tb(t), q′(t),
and g(t/ts) can be defined as follows:

T
(d)
b [k] = Tb(k∆t)

∆q′ (d)[k] = ∆q′(k∆t)
g(d)[k] = g(k∆t/ts)

Eq. 2.7 can be rewritten in discrete form

T
(d)
b [n]− T0 = 1

2πkg

n∑
k=1

∆q′ (d)[k] g(d)[n− k] (2.8)

The sum in eq. 2.8 corresponds to the discrete convolution (∆q′ (d) ∗ g(d))[n]. This
operation has complexity O(n2) where n is the number of steps that need to be
calculated. Hence, the computation of eq. 2.8 can lead to prohibitive calculation
time for a large number of steps n. This condition can take place in the context of
borehole heat exchangers simulation if the simulation is done with hourly time-step
and for several years.

Various strategies for the solution of this problem can be found in the bore-
hole modeling literature. Marcotte and Pasquier utilized a classic signal processing
technique that takes advantage of the optimized algorithm Fast Fourier Trans-
form (FFT) [22]. Spitler, Bernier, Claesson and Javed utilized aggregation load
techniques [17, 23, 24]. Lamarche developed a so called nonhistory-dependent
method [25]. All these methodologies result in algorithm with lower complexity
compared to the original formulation of eq. 2.8, hence they allow to improve the
final computational performance.

2.2 Borehole field analysis

Borehole fields are installations where several vertical ground heat exchangers are
placed in the same region. The physical modeling of these systems has a greater
level of complexity compared to single borehole systems, since in this case it is
necessary to take into account the effect of the thermal interaction taking place
between the boreholes.

Various models have been developed for the description of this problem. Among
these, the most utilized are the Duct Storage Model (DST) [26] and the so-called
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Loading condition
q(t) [W ]

Borehole field
characteristics rb, H, pat-
tern, D/H, B/H

Ground properties
αg, kg

Load per meter
q′(t) [W/m]

Decomposed load into step
functions ∆q′(t)

Discretized decomposed
load
∆q′ (d)[j] = ∆q′ (tj)

Time discretization
tj with j = 1, · · · , n

Evaluation of step
response function
g(t/ts) or selection
from a database if
available

Discretized step response
g(d)[j] = g′(tj/ts)

Discrete convolution
Tb(n)−T0 = 1

2πkg
(∆q′∗g)[n]

The final output of the cal-
culation is the temperature
Tb at t1, · · · , tn

Input data

Data elaboration

Discretization

Figure 2.5: Calculation of borehole temperature using the g-function method

g-function method [6]. The DST model has been designed mainly for ground heat
storage applications and it can be used only for the simulation of systems with
multiple vertical boreholes uniformely distributed in a given cylindrical region. The
g-function method is a model developed for the simulation of borehole field systems,
which was designed for storage application as well as for cases where the ground
is utilized as a heat source or as a heat sink. In this chapter the discussion is
focused mainly on the g-function method which has the advantage of offering more
flexibility on the description of the layout of the borehole field compared to the
DST.
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Figure 2.6: Boundary conditions utilized for the calculation of g-functions for a borehole field
with 6 vertical boreholes.

2.2.1 Borehole fields analysis with Eskilson’s g-functions

The g-functions approach for the thermal analysis of borehole fields has been pro-
posed by Eskilson in his Doctoral work [6]. The problem of modeling borehole fields
is expressed in the same form described in section 2.1 for the modeling of single
boreholes. A schematic procedure of the steps of the methodology is given in fig.
2.5. The key point of this methodology is the determination of a suitable function
g(t/ts) (g-function) representative for the temperature behavior at the boreholes
for a borehole field loaded with a step heat injection.

Fig. 2.6 illustrates the initial conditions and the boundary conditions utilized
by Eskilson for the calculation of g-functions. In this model, the borehole heat ex-
changers are assumed to be connected in parallel arrangement. This yields that the
inlet fluid temperature is equal for all the boreholes. Since the difference between
inlet and outlet fluid temperature is usually rather small, Eskilson assumed that at
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any given time t, the temperature is uniform on the borehole walls and equal for
all the boreholes in the field. This condition is coupled with the injection of a total
heat step of intensity qtot in the borehole field. The heat is in turn distributed on
the surface of the borehole walls so that uniformity of the borehole temperatures
is satisfied for any time t.

Due to the complexity of the boundary conditions set up in the model, the com-
putation of g-functions was performed numerically using the Superposition Borehole
Model (SBM) [27]. This model is based on the spatial superposition of the temper-
ature fields resulting from the injection of heat along the boreholes, where for each
borehole, the temperature field is calculated using the finite difference method on
a 2D axial symmetric domain.

Within the methodology described in figure 2.5 for the thermal analysis of bore-
hole fields, the calculation of g-functions is the operation that requires the greatest
computational time. Eskilson performed the calculation of g-function for several
borehole field configurations and stored the results obtained in a database. This
database constitutes the core component of most of the software programs cur-
rently used for the design of borehole fields, namely EED [28], GHLEPRO [29],
EnergyPlus [30, 31]. Once the g-function is given, the only operation to perform is
the discrete convolution of eq. 2.8. The method has the merit of giving a relatively
easy solution for a rather articulated problem as long as the response functions are
available.

2.2.2 Limitations of Eskilson’s approach
A limitation of Eskilson’s method is that, in order to be effective, it requires a
precalculation of g-functions which is a costly operation from a computational stand
point [2]. Although g-functions have been calculated for several borehole fields
patterns and stored in a database, the set of configurations available is limited to a
finite number. In order to overcome this limitation and increase the flexibility of the
method, there has been an increasing interest for the development of faster methods
enabling “just in time” calculation of g-functions as opposed to their precalculation
[2, 13, 32]. This objective can be achieved either by simplifying the model of the
borehole field with a consequent loss of accuracy, or by improving the efficiency in
the computation of the original model.

2.2.3 Stacked lines model
A methodology that aims at improving the efficiency in the computation of the
thermal behavior of multiple borehole fields without simplifying the model originally
proposed by Eskilson has been introduced recently by Cimmino and Bernier [2].
The model proposed considers each vertical borehole as a set of stacked finite line
sources.

Figure 2.7 shows an example of discretization for a two boreholes system. In the
model, a uniform heat flow q′i(t) and a borehole temperature θ̄i(t) are associated to
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Figure 2.7: Stacked lines representation of a borehole field consisting of two boreholes. The
figure highlights one of the subproblems resulting from this modeling approach consisting in
the evaluation of the temperature variation θ̄5 caused by the heat injection q′1.

each segment of the discretization γi, with i = 1 · · · Nl. The estimation of θ̄i(t) is
obtained by superimposing the contribution of each line source γj . Each contribu-
tion results from the application of a procedure analogous to the one described in
section 2.1.2.

Given the heat injection q′j(t) associated to γj , and the non-dimensional tem-
perature response g̃ji(t/ts) relative to the lines γi and γj with i, j = 1, · · · , Nl, the
temperature θ̄i(tn) can be calculated according to the the following equation:

θ̄i(tn) = 1
2π kg

Nk∑
k=1

Nl∑
j=1

∆q′j(tk) g̃ji
( tn − tk

ts

)
(2.9)

As it can be derived from table 2.1, the non dimensional temperature response g̃ji
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can be formulated as follows:

g̃ji(t) = 1
2Hi

∫ +∞

1/
√

4αg t

( 1
s2 e

−r2
jis

2

[
ierf ((Di - Dj + Hi)s)− ierf ((Di - Dj)s)
ierf ((Di - Dj + Hj)s)− ierf ((Di - Dj + Hi - Hj)s)
ierf ((Di + Dj + Hi)s)− ierf ((Di + Dj)s)

ierf ((Di + Dj + Hj)s)− ierf ((Di + Dj + Hi + Hj)s)
])
ds

ierf(x) =
∫ x

0
erf(t)dt = x erf(x)− 1√

π
(1− e−x

2
)

(2.10)

where Di, Dj , Hi and Hj are defined according to figure 2.3, and rji is defined by
the following equation:

rji =
{ √

(xi − xj)2 + (yi − yj)2 if j 6= i
rb if j = i

(2.11)

This modeling strategy is suitable for the calculation of g-functions. The bound-
ary conditions utilized by Eskilson can be approximated by coupling eq. 2.9 with
the following conditions:

qtot =
Nl∑
j=1

q′j(t)hj (2.12)

θ̄i(t) = θ(t) with i = 1, · · · , Nl (2.13)

where hj is the length of the segment j. Eq. 2.12 and 2.13 give respectively
conditions on the total heat injected in the borehole field qtot, and on the uniformity
of the borehole temperature at any given instant t.

The strength of the stacked lines approach compared to the SBM model is in
that it does not utilize the finite difference method. The use of finite difference is in
fact not ideal for the simulation of physical problems taking place in infinite or semi-
infinite domains. A very large domain is required to approximate this condition,
and as a consequence a large discretization must be utilized to achieve a suitable
level of accuracy on the results.

On the contrary, in the stacked lines approach the size of discretization, is
independent from the size of the domain, and depends only on the number of
boreholes and on the number of elements per borehole utilized. Moreover, the
precision in the calculation is not affected by the fact that the domain is semi-
infinite. The main drawback of this method is that the number of calculation
required to compute eq. 2.9 for all the finite lines in the discretization grows with
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Nl
2, as the number of lines considered Nl increases. As a consequence, the method

might not be suitable for problem with very large discretization.
The approach for the modeling of borehole fields presented in this section is

applied in this thesis in both chapters 3 and chapter 4, and therefore constitutes a
foundation element for the methodology of this thesis.



CHAPTER 3

Modeling of borehole heat exchangers networks

State of the art models for the simulation of borehole fields using the so called
g-functions method, are designed to simulate ground heat exchangers in parallel
configuration. Although this is the most common case in real installations, other
arrangement are of interest in energy storage applications, especially if tempera-
ture stratification in the borehole field is desired. In this chapter is presented a
methodology that allows to include in the model any arbitrary borehole connec-
tion arrangement, and that allows specifying the strategy utilized to operate the
borehole thermal energy storage system.

3.1 Motivation for a network model

The dynamic heat transfer in a borehole field is an articulated phenomenon where
interaction between local and global processes have an important role. The main
interactions taking place are summarized in the following list:

• Heat is injected locally via circulation of a working fluid within ground heat
exchangers.

• The dynamic variation of the temperature field in the ground is the result of
the effects of all these local heat injections.

• The amount of heat distributed locally depends on the local temperature of
the working fluid and on the temperature of the region of ground surrounding
it.

19
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• The local temperature of the working fluid is also dependent on the path
followed by the fluid itself through the piping system, and as a consequence
on how boreholes are connected between each other.

An approach to depict this intricate combination of dependencies consists in study-
ing the whole dynamical system as a network of components, where each component
represents an element of the system (i.e. borehole heat exchanger, manifolds etc.).
A component is a dynamical system itself and therefore has the following features:

1. at any time t, the component has a state determined by the value assumed
by a given set of variables (i.e. temperature, heat flux exchanged etc.).

2. a given collection of rules (component model) determines the evolution in
time of the state variables of the component, given its current state.

In a network model, each component has a number of nodes, holding the values of
the state variables. Components can be linked at nodal points to form networks.
Connections between nodal points stands for equalities between the values of the
variables associated to the linked nodes. This modeling strategy allows to build
very articulated models made of simple components, which is a very useful feature
for detailed borehole field modeling.

3.2 Construction of a network model

In order to illustrate how this method can be applied within the particular context
of borehole field modeling it is useful to utilize an example. Let’s consider the three
boreholes heat exchanger system in parallel arrangement of figure 3.1.

The total load q(t) is injected or extracted by means of a central heat exchanger
which exchanges heat with a working fluid circulating in a closed loop. Starting
from the outlet of the heat exchanger, the mass flow is sent to a manifold where
it is divided in three equal streams ṁ3, ṁ4 and ṁ5 and delivered to the boreholes
b1, b2 and b3 where the heat exchange with the ground takes place. The outlet
mass from b1, b2 and b3 is sent to a second manifold where it is mixed, and then
sent back to the heat exchanger to close the loop. The loop described represents
the physical path of the fluid transporting heat from the borehole heat exchangers
to the central heat exchanger and viceversa.

In figure 3.1, the borehole heat exchangers are also connected to another com-
ponent labeled as borehole field. This components takes into account the effect of
the history of loads q′b9

, q′b10
and q′b11

on the borehole temperatures Tb12 , Tb13 and
Tb14 , which is what is referred as global problem in chapter 2.

The state variables that characterize the components of the system considered
are of three kind: mass flows, temperatures and heat fluxes. The behavior of
the system is such that heat and mass balances are satisfied at any time t for
any component in the system. The models utilized in this chapter to characterize
the components behavior are given in table 3.1. The borehole field, which is the
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Figure 3.1: Example of network of borehole heat exchangers.

component with the longest dynamic transient, is described by means of a dynamic
model using the approach introduced in section 2.2.3. In particular, the formulation
proposed by Lamarche [25] is utilized for the fast computation of eq. 2.9. This
expresses the temperatures at the borehole walls at any time step t, as a linear
function of the heat fluxes injected at time t plus a term bj(t).

Tbj (t)− T0 =
Nb∑
k=1

akj q
′
k(t) + bj(t) with j = 1, · · · Nb

The term bj(t) takes into account the effect of the history of heat loads on the jth

borehole until the current time, and is updated at each time step. The equations
necessary to calculate the coefficients akj and to update the term bj(t) are given
in Appendix B. For the remaining components the models utilized assumes quasi-
steady conditions. This assumption yields that the overall network model does not
describe the damping effect of the thermal mass of the working fluid circulating in
the loop and it is therefore not accurate when simulating rapid variations of the
loading condition q(t).

Beside this limitation, the model has the benefit of the simplicity of the com-
ponents utilized which makes it manageable. Heat and mass balances are weakly
coupled: while the heat balance equations depends on the results of the mass bal-
ance equations, the reverse condition does not apply. As a consequence, the two
balances can be computed sequentially. This condition yields that all the models of
table 3.1 for heat and mass balances are linear models. The problem relative to a
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Table 3.1: Equations for mass balance and heat balance for each component type. For the
borehole field only the heat equation must be satisfied since no mass flow is taking place in
this component. The superscript (i) stands for inlet and the superscript (o) stands for outlet.

Component Mass balance Heat balance

heat exchanger ṁ(o)(t) = ṁ(i)(t) ṁ(i)(t) cp
(
T

(o)
f (t)− T (i)

f (t)
)

= q(t)

pump
ṁ(o)(t) = ṁ(t)

ṁ(o)(t) = ṁ(i)(t)
T

(o)
f (t) = T

(i)
f (t)

manifold

No∑
k=1

ṁ
(o)
k (t) =

Ni∑
j=1

ṁ
(i)
j (t)

ṁ
(o)
k (t) = ṁ

(o)
1 (t) with k = 2, · · · No

No∑
k=1

ṁ
(o)
k (t) cp T (o)

fk
(t) =

Ni∑
j=1

ṁ
(i)
j (t) cp T (i)

fj
(t)

T
(o)
fk

(t) = T
(o)
f1

(t) with k = 2, · · · No

borehole heat
exchanger m(i) = m(o)

q′b(t)H = m(i) cp

(
T

(o)
f (t)− T (i)

f (t)
)

T̄f (t)− Tb(t) = q′(t)Rb

T̄f (t) = 1/2
(
T

(i)
f (t) + T

(o)
f (t)

)

borehole field Tbj (t)− T0 =
Nb∑
k=1

akj q
′
k(t) + bj(t) *

* Solution of the equation in a semi-infinite solid with multiple finite line sources. Coefficients
akj and bj(t) are calculated according to the model given in Appendix B.

borehole network can then be expressed at each time step as the sequential solution
of two systems of equation. For the network of figure 3.1, the system of equations
for the mass balance is the following:



1 0 0 0 0 0 0 0 0
−1 0 1 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
0 −1 0 1 1 1 0 0 0
0 0 0 −1 1 0 0 0 0
0 0 0 0 −1 1 0 0 0
0 0 0 −1 0 0 0 0 1
0 0 0 0 −1 0 0 1 0
0 0 0 0 0 −1 1 0 0
0 0 1 0 0 0 −1 −1 −1





ṁ0(t)
ṁ1(t)
ṁ2(t)
ṁ3(t)
ṁ4(t)
ṁ5(t)
ṁ6(t)
ṁ7(t)
ṁ8(t)


=



ṁ(t)
0
0
0
0
0
0
0
0



Am xm bm

pump

heat exchanger

manifold1

b1
b2
b3

manifold2

And the system of equations for the heat balance is the following:
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−1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
−ṁ0cp ṁ1cp 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −ṁ1cp 0 ṁ3cp ṁ4cp ṁ5cp 0 0 0 0 0 0 0 0 0
0 0 0 −1 1 0 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 a11 a21 a31 −1 0 0
0 0 0 0 0 0 0 0 0 a12 a22 a32 0 −1 0
0 0 0 0 0 0 0 0 0 a13 a23 a33 0 0 −1
0 0 0 −ṁ3cp 0 0 ṁ6cp 0 0 H 0 0 0 0 0
0 0 0 0.5 0 0 0.5 0 0 Rb 0 0 −1 0 0
0 0 0 0 −ṁ4cp 0 0 ṁ7cp 0 0 H 0 0 0 0
0 0 0 0 0.5 0 0 0.5 0 0 Rb 0 0 −1 0
0 0 0 0 0 −ṁ5cp 0 0 ṁ8cp 0 0 H 0 0 0
0 0 0 0 0 0.5 0 0 0.5 0 0 Rb 0 0 −1
0 0 ṁ2cp 0 0 0 −ṁ6cp−ṁ7cp−ṁ8cp 0 0 0 0 0 0





Tf0(t)
Tf1(t)
Tf2(t)
Tf3(t)
Tf4(t)
Tf5(t)
Tf6(t)
Tf7(t)
Tf8(t)
q′b9(t)
q′b10(t)
q′b11(t)
Tb12(t)
Tb13(t)
Tb14(t)



=



q(t)
0
0
0
0

−b1(t)− T0
−b2(t)− T0
−b3(t)− T0

0
0
0
0
0
0
0



Ah xh bh

pump
heat exchanger

manifold1

borehole field

b1

b2

b3

manifold2

The annotations on the side of the matrices specify the correspondence be-
tween components and relative equations. From this example is evident that, even
though the component models utilized are relatively simple, assembling manually
the matrices for the heat and mass balances is a lengthy and error-prone operation
especially for large size problems. It is therefore important to separate the high
level operation of defining the system, i.e. defining the components constituting
the system and the connections between the components, from the low level oper-
ation of assembling the matrices Am and Ah and the vectors bm and bh giving the
mathematical description of the system.

The approach utilized in this work to achieve this objective consists in the
following set of operations:

1. At first are defined prototypes for each component kind considered in the
system. A prototype gives the number of nodes relative to the component,
the vectors of variables x(c)

m and x
(c)
h defining the state of the component,

and the shape of the matrices A(c)
m and A

(c)
h and of the vectors b(c)

m and b
(c)
h

characterizing the behavior of the component.

2. Secondly the system object of study is defined as a combination of these pro-
totype components. The definition of the system is completed by specifying
the connections between nodes of the various components in the system.

3. In the third phase, the vectors xm and xh containing the global variables
defining the state of the complete network are built and a mapping is created
between the local variables of the components and the global variables.

4. The mapping between local variables and global variables is exploited to au-
tomatically assemble the matrices Am and Ah and the vectors bm and bh.

In fig. 3.2, 3.3, 3.4, 3.5 and 3.6 are given the properties and the formulations asso-
ciated to the prototypes of the components utilized in this chapter. Fig. 3.7 con-
ceptually depicts the mapping procedure between component variables and global
variables.
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Figure 3.2: Prototype of the heat exchanger component.
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Figure 3.3: Prototype of the manifold component.
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Figure 3.4: Prototype of the pump component.
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Figure 3.5: Prototype of borehole heat exchanger component.

3.3 Example of application

The network model enables the modeling of the strategy utilized to manage the
distribution of heat in the borehole field. In this section a simple theoretical example
is given to demonstrate this feature. The example consists in the study of a system
where heat extraction and heat injection are taking place simultaneously in different
region of the ground.

3.3.1 Description of the example configuration
A scheme of the configuration is given in fig. 3.9. The system consists in two
separate loops, one adopted to inject heat, and a second one adopted to extract
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Figure 3.6: Prototype of borehole field component.

Table 3.2: Thermal properties and geometrical utilized in the example case.

k (W/(mK)) αg (m2/s) T0 (◦C) H (m) rb (m) B (m)

2.9 1.52 10−6 8.0 100. 0.075 6.0

heat. In each loop a heat exchanger imposes the loading condition by exchanging
heat with a working fluid feeding 8 boreholes in parallel arrangement. The loading
condition for the two loops consists in a constant simultaneous heat injection and
heat extraction for a six month period, and a rest in the heat exchange for the
remaining six months (fig. 3.8). The two groups of boreholes, are located on the
same borehole field in a 4 x 4 pattern and are divided among the two loops according
to the following criteria (fig. 3.9):

(a) the boreholes utilized for injection are placed on the right side of the borehole
field and the boreholes for extraction are placed on the left side yielding
separated zones for injection and extraction.

(b) the boreholes utilized for injection and extraction are homogeneously located
in the borehole field.

The ground thermo-physical properties and the geometrical properties of the bore-
hole field are given in table 3.2.
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Figure 3.7: Mapping between component variables and system variable. The set of n compo-
nents constituting the system is connected at nodal points. Variables associated to connected
nodes are equal and therefore they can be represented by means of a single variable in the
global system. Two maps are generated: one between x(ci)

m and xm (blue lines), and one
between xci

h and xh (red lines) with i = 1, · · · , n.

3.3.2 Results
The two systems described in section 3.3.1 were simulated with the network model
introduced in this chapter. The output of these calculations are the values of all the
state variables describing the system for all the calculated time-steps. The variables
of interest for the system object of study are:

• the temperature Tbi(t) for each borehole i in the field.

• the heat flux per meter q′bi(t) for each borehole i in the field.

• the inlet temperatures for the two loops Tf1in
(t) and Tf2in

(t).

Case a

Figure 3.11 shows the results obtained for case a. The first plot gives the tempera-
tures of each individual borehole and the inlet fluid temperature in the two ground
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Figure 3.8: Loading conditions applied in the example case.
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Figure 3.9: Scheme of the configuration considered in the test case. Boreholes are divided
into two groups. The load
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loops, while the second plot gives the heat flux exchanged by each individual bore-
hole. The fact that the zones for heat extraction and injection are separated yields
that the borehole temperatures are non-homogeneous within a borehole group. This
condition takes place because the local thermal conditions vary depending on the
region considered. The central columns shows temperatures closer to undisturbed
conditions compared to external columns. This yields that the temperature dif-
ference | Tfin − Tbi | is greater in this region with a consequent larger local heat
exchange. This situation occurs because the thermal interaction between inject-
ing and extracting boreholes is greater in the center of the field, and this yields a
greater reloading effect that limits the boreholes temperatures variation.

Case b

Figure 3.12 shows the results obtained for case b. In this case, the homogeneous
placement of heat extraction and injection sources yields a rather homogeneous
temperature within both injection and extraction boreholes. Similar considerations
are valid also for the heat fluxes.

3.4 Limitation and possible improvements

The model presented in sections 3.2 and tested in section 3.3 corresponds to the
actual model implemented by the author. While the model can simulate how heat
is shared among the boreholes depending on the local conditions of the working
fluid and of the local boreholes temperatures, the model cannot depict how the
heat is distributed along the boreholes length. This is an important effect that
should be taken into account in order to describe properly the thermal processes in
the borehole field system. A solution to include this effect within this framework is
shown in fig. 3.13. In this configuration, each borehole is modeled as set of stacked
finite line sources where each line has independent borehole temperature and heat
flow rate. The borehole field component is equivalent to the one presented in the
previous sections. The step response functions g̃ji, necessary for the calculation of
the coefficients aji and bi(t) can be determined using eq. 2.10.

Another possible improvement is the substitution of the basic manifold com-
ponent with a more sophisticated one. In the manifold model utilized so far, the
incoming mass flow was uniformly split among the outlets. A useful feature is
adding the possibility of controlling the ratio of mass flow going to each single out-
let. The prototype of such a model is given in fig. 3.14. This component increases
the possibility of testing strategies to operate a borehole field system.
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Tf1in

Tf2in

Figure 3.11: Plot of borehole temperature and borehole heat fluxes for configuration a) of
figure 3.9 . Each line in the plots is referred to a borehole according to the color map given
on the right side of the figure.

Tf1in

Tf2in

Figure 3.12: Plot of borehole temperature and borehole heat fluxes for configuration b) of
figure 3.9. Each line in the plots is referred to a borehole according to the color map given on
the right side of the figure.

3.5 Concluding remarks

This chapter presented a network model for the simulation of shallow geothermal
systems. The strategy proposed is based on the combination of a suitable dis-
cretization of the system and of the adoption of a network framework. These yield
respectively the granularity and the flexibility required to represent any possible
boreholes piping network configuration. This aspect cannot be taken into account
in standard software for the simulation of shallow geothermal systems, that usu-
ally considers only cases where the borehole heat exchangers are set up in parallel
arrangement.
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Figure 3.13: Modified network model to allow the representation of each borehole a set of
stacked finite line sources.

The methodology introduced was tested for a few relatively simple study-cases
designed to verify that the method yields results compatible with the expected
physical behavior. The results obtained showed to fulfill this requirement.

Although further developments are required to improve some aspects of the
physical modeling of the system as discussed in section 3.4, the network approach
showed the potential to be a viable solution for the modeling of the strategy utilized
to operate a borehole field system.

This is relevant for applications where the borehole thermal energy storage is
utilized in combination with other external systems, i.e. heat pumps, solar collec-
tor, exhaust air, etc. These systems are characterized by heat flows at different
temperatures that might take place simultaneously. The capability of modeling
these heat flows and the operational strategy utilized to manage them is crucial to
evaluate the efficacy of a given design. This is important since this kind of hybrid
systems are emerging, and will play a key role in the near future to increase the
utilization of renewable energy and “waste energy”.
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Figure 3.14: Prototype of manifold component modified to add mass flow control capabilities.



CHAPTER 4

Modeling of geothermal fields with arbitrarily
oriented boreholes

A common simplification utilized in the modeling of borehole fields is assuming
that boreholes are vertical. This condition does not necessarily apply in a real
installation either for a deliberate choice of the designer or because of limitations
of precision in the drilling process. This chapter is devoted to the presentation of
a method for the calculation of g-functions of borehole fields featuring arbitrarily
oriented boreholes.

4.1 Setup for the calculation of g-functions using stacked finite
line sources

In section 2.2.3 it was introduced the strategy of modeling boreholes as sets of
stacked finite lines sources. This technique was applied by Cimmino and Bernier [2]
for the determination of g-functions for vertical borehole fields. In this chapter the
same concept is applied to the case of non-vertical boreholes.

The calculation of g-functions according to the definition given by Eskilson,
requires the solution of the heat equation for the set of boundary conditions in-
troduced in section 2.2.1 and illustrated in fig. 2.6. In the following list the main
features of this model are recalled:

(i) the ground is modeled as a semi-infinite solid with homogeneous and isotropic
thermal properties.

33
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(ii) the initial temperature in the solid is uniform and equal to zero.

(iii) the temperature of the surface delimiting the semi-infinite solid is equal to
zero at any given time.

(iv) a total heat step qtot is injected in the borehole field at the borehole walls.

(v) the temperature at the borehole walls is uniform along the borehole axes and
among the boreholes at any given time.

Fig. 4.1 illustrates a setup that can be utilized for the calculation of g-functions
of a borehole field formed by two non-vertical boreholes. In the model, each line esi
represents an element of the discretization of the boreholes. A uniform heat flux
per meter q′esi (t), and a value of borehole wall temperature θ̄i(t) are associated to
each element esi . Conditions (iv) and (v) can be enforced to this model by applying
respectively eq. 4.1 and 4.2.

qtot(t) =
Ns∑
i=1

q′esi
(t)hi (4.1)

θ̄1(t) = · · · = θ̄Ns(t) = θ̄(t) (4.2)

where hi with i = 1, · · · ,Ns are the lengths of the elements. Conditions (i) and
(iii) can be enforced as a result of the application of the method of images [16].
This consists in solving the equivalent problem depicted in fig. 4.2. In this new
problem, the heat equation is solved in an infinite solid, homogeneous and isotropic
with uniform initial temperature equal to zero. The zero temperature boundary
condition on the surface S, delimiting the semi-infinite solid in the original problem,
is enforced by introducing fictitious images symmetric to the sources with respect
of the surface S, and such that the heat fluxes exchanged by the sources and their
relative images have equal intensity and opposite sign.

Assuming that the heat fluxes can be represented as piece-wise constant func-
tions and given a time discretization t1, · · · tn, the temperature θi(tn) can be ex-
pressed as the superposition of the effects in time of the heat steps applied at the
sources and relative images:

θ̄i(tn) = 1
2πkg

Nk∑
k=1

Ns∑
j=1

∆q′esj (tk)
(
g̃esj ,esi

( tn − tk
ts

)
− g̃eimj ,esi

( tn − tk
ts

))
(4.3)

For the sake of efficiency, eq. 4.2 can be expressed using the nonhistory-
dependent formulation given in Appendix B. The model constituted by the set
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Figure 4.1: Scheme of the set up utilized for the calculation of the g-function of a two-borehole
field. The two boreholes B1 and B2 are represented as a set of stacked finite lines embedded
in a semi-infinite solid. For each element of the discretization corresponds to a value of heat
flux per meter q′esi (t) and a temperature θ̄i(t).

Figure 4.2: Scheme of a model equivalent to the one of figure 4.1, obtained as a result of the
application of the method of images: the analysis is performed on an infinite solid and the
zero temperature condition on the surface S = (x, y, 0) is enforced by imposing that the heat
fluxes exchanged by the sources and their relative images have equal intensity and opposite
sign.



36 CHAPTER 4. MODELING OF GEOTHERMAL FIELDS WITH...

of equations 4.1, 4.2 and 4.3 , at a given time step t, can then be expressed with
the system of equations given in eq. 4.4.

−1 a11 a12 · · · a1Ns
−1 a21 a22 · · · a2Ns
...

...
...

. . .
...

−1 aNs1 aNs2 · · · aNsNs
0 h1 h2 · · · hNs




θ(t̃)
q
′

1(t̃)
q
′

2(t̃)
...

q
′

Ns
(t̃)

 =


−b1(t̃)
−b2(t̃)

...
−bNs(t̃)
qtot(t̃)

 (4.4)

The coefficients aji and bi(t) with j, i = 1, · · · , Ns are function of their respective
element-to-element response functions g̃esj ,esi and g̃eimj ,esi

. The solution of eq.
4.4 yields the value of the temperature θ(tk) and of the heat fluxes q′j with j =
1, · · · , Ns. Given θ(tk), the g-function for the given borehole field is readily obtained
applying eq. 4.5.

g(tk) = 2πkg
qtot/Htot

θ(tk) (4.5)

where Htot =
∑Ns
j=1 hj is the total length of the boreholes.

4.2 Computation of element-to-element non-dimensional step
response temperature

The computation of the coefficients aji and bi(t) requires the calculation of the
functions g̃esj ,esi and g̃eimj ,esi

with j, i = 1, · · · , Ns. Each of these functions is a
non-dimensional mean response temperature along a finite line due to a step heat
injection along a second finite line, where the finite lines are in general arbitrar-
ily oriented in an infinite space with homogeneous thermal properties and initial
temperature equal to zero.

A solution for this problem has been given by Lamarche [33], and by Marcotte
and Pasquier [34]. Unfortunately the suggested approaches lack of computational
efficiency to be applied effectively within the methodology described in section 4.1
which requires the evaluation of the function g̃ for a large number of geometrical
configurations. In this section is presented a strategy for improving the efficiency
in the computation of these functions to make the proposed framework feasible.

4.2.1 Analytical formulation of the problem

Let’s consider the two lines γ1 and γ2 of fig. 4.3. A heat load consisting in a unitary
heat step is applied uniformly along γ1. Consequently, the temperature field in the
surrounding ground volume begins to evolve. The objective is the determination of
the mean temperature variation θ̄2 along γ2. The problem involves the solution of
the heat equation with heat generation, with a source term concentrated along the
line γ1.
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Figure 4.3: Finite lines γ1 and γ2 with arbitrary position P1 and P2 and arbitrary orientation
~w1 and ~w2 in an infinite solid with constant thermal properties kg and αg and undisturbed
temperature T0.

A classical methodology to approach this linear partial differential equation is
building the solution as the superposition of impulse response temperatures. An
impulse response is the temperature variation at a point r = (x, y, z) and time t
caused by a unitary heat pulse taking place at a point r′ = (x′, y′, z′) and time τ .
In an infinite media with homogeneous and isotropic properties this is given by:

G(r, t | r′, τ) = αg
kg

1
(4παg(t− τ)) 3

2
exp

( (r − r′)2

4αg(t− τ)

)
(4.6)

The mean temperature θ̄2(t) can be found by applying the following procedure:

1. constraint the point r′ to points lying on γ1 and r to points lying on γ2.

2. convolve the impulse response G(r, t | r′, τ) with a loading condition consist-
ing in a unitary step applied at r′.

3. perform the line integration of the expression obtained at point 2 along γ1 to
account for the contributions of the sources distributed on this line.

4. compute the average effect on γ2 by performing the line integration of the
expression resulting from 3, and by dividing by H2.

Condition 1 can be satisfied by expressing γ1 and γ2 in their parametric form as
given in eq. 4.7 and 4.8.

r′(v) = P1 + ~w1 · v with v ∈ [0, H1]
r(u) = P2 + ~w2 · u with u ∈ [0, H2]

(4.7)
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P1 =

x1
y1
z1

 ~w1 =

− sin(α1) cos(β1)
− sin(α1) sin(β1)

cos(α1)


P2 =

x2
y2
z2

 ~w2 =

− sin(α2) cos(β2)
− sin(α2) sin(β2)

cos(α2)

 (4.8)

where β1 and β2 are counter-clockwise rotations around the z axis and α1 and α2
are counter-clockwise rotations around the y axis. The application of the procedure
constituted by conditions 2, 3 and 4 yields the expression for θ̄2(t) given in eq. 4.9.

θ̄2(t) = 1
H2

∫ H2

0

∫ H1

0

∫ t

0

q1(τ)
ρcp[4παg(t− τ)] 3

2
exp

(
− 1√

4αg(t− τ)[(
x2 − u sin(α2) cos(β2)− x1 + v sin(α1) cos(β1)

)2+(
y2 − u sin(α2) sin(β2)− y1 + v sin(α1) sin(β1)

)2+(
z2 + u cos(α2)− z1 − v cos(α1)

)2])
dτ dv du

(4.9)

Given θ̄2(t) the non-dimensional mean temperature response g̃γ1,γ2 is readily ob-
tained with eq. 4.10

g̃γ1,γ2(t) = 2πkg θ̄2(t) (4.10)

Eq. 4.9 was partially solved analytically by the author reducing the original triple
integral to the double integral of eq. 4.11.

g̃γ1,γ2(t) =
∫ +∞

1√
4αgt

e−k̃s
2

2 H2
√

1− k2
0 s

2∫ ub s

lb s

e−u
′′2

[erf (a u′′ + b1 s)− erf (a u′′ + b2 s)] du′′ds

(4.11)
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∆x = x2 − x1

∆y = y2 − y1

∆z = z2 − z1

k1 = sin(α1)(∆x cosβ1 + ∆y sin β1)− cos(α1)∆z
k2 = sin(α2)(∆x cosβ2 + ∆y sin β2)− cos(α2)∆z
k0 = sin(α1) sin(α2)

(
cos(β1 − β2)

)
+ cos(α1) cos(α2)

k̃ = ∆x2 + ∆y2 + ∆z2 − k2
1 −

(k0 k1 − k2)2

1− k2
0

lb = k0 k1 − k2√
1− k2

0

ub = k0 k1 − k2√
1− k2

0
+H2

√
1− k2

0

a = − k0√
1− k2

0

b1 = k0
k0 k1 − k2√

1− k2
0

+H1 + k1

b2 = k0
k0 k1 − k2√

1− k2
0

+ k1

(4.12)

4.2.2 Numerical computation
The double integral of eq. 4.11 could not be further solved and it was therefore nec-
essary to use a numerical method. Since a straight forward application of standard
quadrature routines (i.e. the function dblquad from the scipy python’s library [3])
could not provide the required performance, a set of custom measures to gain effi-
ciency in the computation were developed. These consist in:

• taking into consideration within the integration procedure of the fact that the
computation of the responses g̃(t) needs to be performed for several discrete
values of time t1, · · · , tn.

• utilize a custom integration routine that exploits a priori knowledge of the
integrand function to be more effective in the computation.

• utilize programming languages capable of producing efficient code.

Efficient calculation of g̃(t) for a given time discretization t1, · · · , tn

Usually the response g̃ needs to be calculated for several values of t. A strategy to
take advantage of this fact can be developed by observing that the calculation of g̃
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involves the solution of an integral in the interval [ 1√
4αgt

,+∞)

g̃ =
∫ +∞

1√
4αg t1

Θ(s) ds (4.13)

Only the lower bound of the integration interval is dependent on t. As a conse-
quence, the calculation of g̃ for the time discretization t1, t2, · · · , tn can be expressed
as follows:

g̃(tn) =
∫ +∞

1√
4αg t1

Θ(s) ds

︸ ︷︷ ︸
g̃(t1)

+
∫ 1√

4αg t1

1√
4αg t2

Θ(s) ds +

︸ ︷︷ ︸
g̃(t2)

· · · +
∫ 1√

4αg tn−1

1√
4αg tn

Θ(s) ds (4.14)

Hence the calculation of the integral in the sub-intervals [ 1√
4αgt1

,+∞), [ 1√
4αgt2

, 1√
4αgt1

],

· · · , [ 1√
4αgtn

, 1√
4αgtn−1

] provides all the required information to calculate the values
of g̃(t1), · · · , g̃(tn). This strategy ensures that the integral is calculated only once
within each interval.

Custom quadrature strategy

The double integral of eq. 4.11 can be solved by using quadrature routines available
in several environment for scientific computing. The algorithm provided is usually
based on adaptive quadrature techniques. In these methods the integral is computed
according to a given quadrature rule on an initial mesh that is iteratively refined
until the result obtained converges. The mesh refinement is usually not applied
uniformly on the integration domain, but is localized only in zones where gradients
are steeper and convergence is slower. The advantage of these methods is that
they do not require any particular information regarding the integrand function,
provided that this is well defined on the whole integration domain. The drawback
is that no a priori information on properties of the integrand functions can be
exploited.

In the present case the integrand function formulation is given and can be
utilized for two scopes:

• Limiting the integration domain only to regions were the integrand function
is greater than zero.

• Assuming a suitable fixed grid to compute the integral in order to avoid the
mesh refinement process.
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x (m) y (m) z (m) α β H (m)
γ1 3.0 1.5 5.0 −π/15 0.0 20.0
γ2 0.0 5.0 25.0 +π/15 π/3 20.0

Table 4.1: Data for γ1 and γ2 utilized in the example

.

k̃ lb ub a b1 b2

43.81614 4.32896 11.41352 -2.63999 12.48921 -7.51078

Table 4.2: coefficient calculated using data from table 4.1

.

The integrand function from eq. 4.11 is given in the following expression:

I(u′′, s) = 1
2H2

√
1− k2

0︸ ︷︷ ︸
cost

e−k̃s
2

s2︸ ︷︷ ︸
f1(s)

e−u
′′2︸ ︷︷ ︸

f2(u′′)

[erf (a u′′ + b1 s)− erf (a u′′ + b2 s)]︸ ︷︷ ︸
f3(s,u′′)

(4.15)
Fig. 4.4 provides the plot of log10(I(s, u′′)) for the geometrical configuration given
in table 4.1. The function needs to be integrated within the domain Ω delimited
by the two white straight lines u′′ = lb s and u

′′ = ub s. It is possible to observe
that the function I approaches zero in regions within the domain Ω suggesting the
possibility of reducing the size of the integration domain. The approach utilized to
achieve this objective is depicted in fig. 4.5. Although the example given in fig 4.4
and 4.5 regards a particular configuration, it was found that the domain Ω can be
in general reduced to a domain Ω′ with a consequent reduction of the mesh size.

The new domain can then be discretized. The mesh needs to be finer close to
the origin since in this region the function I has the greatest values and the greatest
gradients. In fig. 4.6 the mesh utilized for the integration of the function I for the
example configuration (table 4.1) is shown.

Programming language

The choice of the programming language utilized is fundamental when performance
is an issue. The programming language adopted in this case was Julia [4]. The
choice was made since it provides the ease of use of high level language for scientific
computing, while delivering performance close to the one provided by low level
languages.
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Figure 4.4: Plot of log10 (I(u′′, s)) where I(u′′, s) is the integrand function of eq. 4.11
calculated for the geometrical configuration of table 4.1. The white lines are the boundaries
of the integration domain while black areas correspond to zones where I(s, u′′) = 0.

Figure 4.5: Reduced domain Ω′ obtained as intersection of the original domain Ω (blue area),
with Ω1 (light blue area), Ω2 (green area), and Ω3 (red area). These correspond to regions
where respectively f1, f2 and f3, as defined in eq. 4.15, are greater than 10−15.
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Figure 4.6: Discretized domain from the example case. The black dots represent the Gauss
integration points.

Testing of the proposed measures

The effectiveness of the measures proposed was assessed by using a test case con-
sisting in the computation of the values of g̃(t) for 100 points t1, t2, · · · , t100 for
the geometrical configuration of table 4.1. The computation was performed at
first using an adaptive quadrature subroutine to have a performance base line, and
then by adding, one at a time, the measures introduced in this section. The tests
were performed with a 2.4GHz Intel Core 2 Duo with 4GB of RAM. All the tests
performed gave results showing a maximum variation of 10−11.

Table 4.3 gives an overview of the results obtained. Case 1 corresponds to
a python implementation adopting scipy’s dblquad quadrature routine yielding a
computational time of 8300 ms. In case 2 the performance are improved by utilizing
julia’s pcubature routine and the computational time decreases to 460 ms. In case
3, the integration is performed by adopting the strategy proposed to optimize the
calculation of g̃ for a given time discretization t1, · · · , tn. This measure yields a
computational time of 19.2 ms. Finally in case 4, a custom routine that reduces
the integration domain and that compute the integral on a fixed mesh is adopted,
and the computational time is reduced to 1.7 ms.

In conclusion, each of the measures proposed to increase the efficiency in the
calculation of g̃, contributes in reducing the computational time by at least one
order of magnitude. This result is very important for the feasibility of the method
introduced in section 4.1.
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Table 4.3: List of tests utilized to assess the performance impact of measures. Tests performed
with a 2.4GHz Intel Core 2 Duo with 4GB of RAM.

.

Test Language domain quadrature method sub-intervals time (ms)

1 Python Ω dblquad no 8320
2 Julia Ω pcubature no 460
3 Julia Ω pcubature yes 19.2
4 Julia Ω′ custom routine yes 1.7

Figure 4.7: Configuration consisting of 6 boreholes in hexagonal pattern.

4.3 Example of g-function calculation

In this section the method introduced in section 4.1 is utilized to compute the g-
function of the borehole field shown in fig. 4.7. The borehole field consists in 6
boreholes in hexagonal pattern. The boreholes are radially diverging and they form
an angle α with the vertical direction. Data regarding the geometrical properties
defining the borehole field configuration are given in table 4.4.

4.3.1 Construction of the geometrical model

In the model of section 4.1, boreholes are represented as sets of stacked finite line
sources esi and relative images eimi

with i = 1, · · · , Ns. As shown in section 4.2,
each element needs to be represented mathematically as a parametric line in order
to determine the functions g̃esj ,esi and g̃eimj ,esi

. Using the expression given in eq.
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b1 b2 b3 b4 b5 b6

xb0 B cos(0) B cos(π/3) B cos(2π/3) B cos(π) B cos(4π/3) B cos(5π/3)
yb0 B sin(0) B sin(π/3) B sin(2π/3) B sin(π) B cos(4π/3) B cos(5π/3)
zb0 D D D D D D
β 0 π/3 2π/3 π/2 4π/3 5π/3

Table 4.4: Data defining the geometry to build 6 boreholes system. The values og α are not
given since this angle is utilized as a parameter within the proposed test case.

4.7 and 4.8 and considering a uniform discretization of the boreholes into Nd lines
of length h, the finite line sources esi with i = 1, · · · , Nd of a borehole with vertex
(xb0 , yb0 , zb0) and direction specified by the angles α and β can be represented as
follows:

esi(v) =

x
(i)
s0 − sin(α) cos(β) v
y

(i)
s0 − sin(α) sin(β) v
z

(i)
s0 + cos(α) v

 with v ∈ [0, h]

x
(i)
s0

y
(i)
s0

z
(i)
s0

 =

xb0 − sin(α) cos(β) (i− 1)h
yb0 − sin(α) sin(β) (i− 1)h

zb0 + cos(α) (i− 1)h


(4.16)

The relative images are obtained by imposing z(i)
s = −z(i)

im and α(i)
im = π/2− α(i)

s .

eimi
(v) =

x
(i)
im0
− sin(π/2− α) cos(β) v

y
(i)
im0
− sin(π/2− α) sin(β) v
z

(i)
im0

+ cos(π/2− α) v

 with v ∈ [0, h]

x
(i)
im0

y
(i)
im0

z
(i)
im0

 =

xb0 − sin(π/2− α) cos(β) (i− 1)h
yb0 − sin(π/2− α) sin(β) (i− 1)h
−zb0 + cos(π/2− α) (i− 1)h


(4.17)

The set of parameters x(i)
s0 , y

(i)
s0 , z

(i)
s0 , α, β defining the line sources geometry, and

the parameters x(i)
im0

, y(i)
im0

, z(i)
im0

, π/2 − α, β defining their images, are the input
data to calculate, according to eq. 4.12, the required non-dimensional response
temperatures g̃ necessary to describe the system. The g-function can then be
calculated solving eq. 4.4 and 4.5 for each time step of a given time discretization.

4.3.2 Results of the calculation
The solution of eq. 4.4 yields the values of temperature θ(t) and of heat injections
q′esj

(t) along each source in the discretization.
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In fig. 4.8 is plotted the heat flux distribution along the borehole axis obtained
for a configuration consisting in 6 vertical boreholes in hexagonal pattern with
B/H = 0.05, D/H = 0.04 and rb/H = 0.0005. The results show that the heat
flux distribution features an edge effect that increases with time: when injection
begins the heat is injected uniformly along the boreholes, but after a while, when
the effect of thermal interaction between the various line sources becomes signifi-
cant, more heat is injected on the upper and lower part of the boreholes and less
heat is exchanged in the center. This effect is expected for the set of boundary
condition utilized by Eskilson for the determination of g-function since uniformity
of temperature is imposed along the boreholes and among the boreholes for any
time t. To fulfill this condition areas where the thermal interaction is greater will
exchange less heat while areas where the thermal interaction is lower will exchange
more heat. The plot of fig. 4.8 shows that the stacked finite lines approach enables
the modeling of this feature.

In fig. 4.9, are plotted the g-functions obtained using the proposed method for a
borehole field with 6 boreholes in hexagonal pattern with B/H = 0.1, D/H = 0.04
and rb/H = 0.0005. The angle α formed by the boreholes with the vertical direction
is varied to evaluate the effect of inclination. The angles studied are α equal to 0◦,
−10◦, −20◦ and −30◦. The results obtained (solid lines) are compared with results
regarding the same geometrical configurations available in Eskilson’s Doctoral thesis
[6](green dots), and obtained using the SBM model [27]. Fig. 4.9 shows that
although there is not a perfect match between the g-function calculated by the
author and the one calculated by Eskilson, the results are rather close. As expected,
by increasing the angle, the intensity of the response g in the long term decreases
because of the reduced thermal influence between the boreholes.

4.4 Concluding remarks

This chapter introduced a procedure for the fast computation of the non-dimensional
mean response temperature along a line caused by a uniform unitary step heat in-
jection applied to a second finite line, where the lines are arbitrarily oriented in
space. The combination of the measures proposed to improve the efficiency in the
calculation did contribute in reducing the computational time by more than three
order of magnitudes compared to an initial case where no optimization was applied.

The boost in efficiency in the calculation of these responses enabled the extension
of the method developed by Cimmino for the calculation of g-functions of vertical
borehole fields [2], to the case of arbitrarily oriented boreholes.

The method was applied to calculate the g-function of a borehole field consisting
of 6 boreholes in hexagonal pattern. The results obtained showed to be consistent
with the expected physical behavior and rather close to previous results for the
same configuration available in the work of Eskilson.
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Figure 4.8: Heat distribution along the coordinate v coincident with the axis of a borehole in
the field field of fig. 4.7 (all the borehole yield equal heat distribution due to symmetry of the
given configuration).

Figure 4.9: g-functions for the 6 boreholes configuration of fig. 4.7 with α equal to 0◦, −10◦,
−20◦ and −30◦. Solid lines are results obtained with the developed algorithm, while dots are
results previously calculated by Eskilson’s for the same configuration.





CHAPTER 5

Analysis of mutual relations between borehole field
and building envelope design

A key aspect to improve the design of systems using borehole field as heat sources or
as storage devices is approaching the problem from an integrated design perspective
as opposed to design each component as a stand-alone system. In this chapter is
presented a design strategy that takes into consideration this idea. The strategy
is conceived for a system constituted by a borehole field, a heat pump, circulation
pumps, building envelope and an emission system. The global behavior of the
system considered is the result of the interactions between the different subsystems
that are part of it. Due to the large amount of parameters characterizing the
system, the analysis is focused on the mutual relation between parameters affecting
the building design and parameters affecting the borehole field design. The choice
of these two components has been made because of the significance that they have
for the global system performance.

5.1 Problem definition and methodology

The problem object of this chapter is the definition of a feasible methodology to
analyze the relationship between the building envelope design and the design of the
borehole field. The method is tailored for the analysis of a system constituted by a
borehole field, a heat pump, circulation pumps, building envelope and an emission
system. In section 5.1.1 is given a general overview of the main characteristics of
the system model. In section 5.1.2 is given a description of the subsystems and
relative models utilized. In section 5.1.3 are given a series of qualitative criteria
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Figure 5.1: Schematic view of the system model constituted by the building-GSHP system.
The heating demand determined by the building configuration {x1i, · · · , xni} is met by the
heat provided by the GSHP, whose performance depends on the parameters {y1i, · · · , yni}.

utilized to select the subset of configurations studied in the exploration process.
Finally, in section 5.1.4 are described the steps of the exploration procedure.

5.1.1 Overview of the system model
Figure 5.1 gives a schematic view of the system formed by the building envelope
and the union of the heat pump and borehole field system (GSHP system). The
parameters x1i, · · · , xni (i.e. roof insulation,walls insulation, etc.) characterize
completely the building model. Each configuration Xi = (x1i, · · · , xni) results in
an energy demand, which determines the amount of heating and cooling that has to
be provided by the GSHP. The GSHP performance depends on the temperatures at
the emission system and on the boreholes temperature. The latter temperature is in
turn influenced by the parameters y1i, · · · , yni, like ground conductivity, boreholes
length and boreholes spacing. The overall performance of the system is given by
the sum of the electricity utilized by the heat pump and the electricity utilized by
the circulation pump.

The building and the GSHP are therefore modeled as weakly coupled systems:
the building envelope performance does not depend on the GSHP behavior, but the
GSHP depends on the building envelope and on the emission system performance.
This enables to split the study in two parts. In the first part the building is studied
as a standalone system and energy needs for heating and cooling are calculated.
The results obtained are utilized in the second part as input data for the study of
the GSHP performance. Both building and borehole field are modeled considering
their dynamics. Building energy demand is assessed with a one year simulation,
while the assessment of the behavior of the GSHP is performed with a 25 years
simulation.
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Figure 5.2: Layout of the building analyzed.

Table 5.1: Summary of the main features characterizing the building envelope.

Layers U-value [W/m2K] G-value

External walls Brick, 55 cm 0.89 -
Roof Insulation 40 cm / Concrete 20 cm 0.087 -
Ground floor Concrete 3.48 -
Windows 4-Panes windows 1.1 0.33

Table 5.2: Summary of ground and boreholes properties.

Ground Boreholes

ρ (kg/m3) 1000 Length per borehole (m) 100
λ (W/mK) 2.9 rb (m) 0.075
cp (J/kgK) 1900 Rb (m) 0.08
T0 (◦C) - Madrid 16
T0 (◦C) - Stockholm 8

5.1.2 Study-case configuration

Building model

The building utilized for the analysis is an existing block of flats. It is a 4-story,
C-shaped building with external gross dimensions of 125.6m × 23.6m. The total
footprint area is 2050m2 for a total heated area of 8200m2; each of the four floors is
3.7m high. Windows account for approximately 30% of the external walls surfaces.
Table 5.1 gives the main parameters defining the building envelope. The set point
for indoor temperature are 21◦C in the winter and 27◦C in the summer time. The
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emission system utilized is floor heating. The building model is built using the
commercial software for dynamic building simulation IDA ICE 4.0. Figure 5.1.2
shows the layout of the building simulated.

Heat pump model

The heat pump is modeled by fitting experimental data found in a database [35].
The COP of the heat pump is expressed as a function of the outlet temperature
of the working fluid circulating in the ground loop and the temperature at the
emission system. It is assumed that the heat pump is designed to deliver 100% of
the power required by the emission system. The set point temperature for water
production are 35 ◦C and 15 ◦C respectively for heating and cooling. When the
brine temperature is less than 15◦C and there is a cooling need, the heat pumps
are shut down and the building is cooled by free-cooling.

Circulation pumps

The power required by pumps to circulate the working fluid is calculated with
regard to the distributed friction losses in the ground loop. The power required to
circulate the working fluid on the emission system side is not taken into account.
The mass flow per borehole is set to 0.5 kg/s in order to ensure turbulent flow
within the pipe.

Borehole field model

The borehole field model enables the evaluation of the time dependent outlet tem-
perature of the working fluid from the ground loop while heat is injected and ex-
tracted from the ground. The method utilized for the analysis of the heat exchange
with the ground is based on g-functions. In this case the responses are calculated
according to the formulation given by Lamarche [13]. The layout of the borehole
field is assumed to follow a square pattern characterized by a spacing B. The bore-
holes are assumed to be 100 meters long, therefore the total length of the borehole
is determined by the number of boreholes in the field.

Climatic conditions

The building has been modeled for the climatic conditions of Stockholm and for
the climatic conditions of Madrid. The weather data utilized are available from the
IDA-ICE data base. The building configuration has been slightly modified for the
Madrid case with addition of external blinds to shield the indoor environment from
the solar radiation.
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5.1.3 Qualitative considerations
The parameters selected for the exploration of the performance of the building
envelope are the walls insulation and the roof insulation. The choice to rule out
the windows U-value and G-value is related to the typology of the chosen building
where the window surface constitutes only 30% of the the external walls. For the
borehole field, the parameters having greater influence on the design are the total
length of the ground heat exchangers and their mutual distances. These depend on
several factors such as the length of the boreholes, the positions of each borehole
and the number of boreholes. In order to limit the number of parameters studied
for the borehole field system, it is assumed that the layout of the boreholes is in
square pattern and that boreholes are 100 meters deep. The parameters studied
are the number of boreholes and the spacing between boreholes.

Another qualitative consideration useful for the analysis is that the borehole field
can be sensitive to the balance between yearly injection load and yearly extraction
load: more balanced loads guarantee a more stable mean yearly temperature of the
ground. For this reason, a parameters γG accounting for the degree of load balance
is defined as follow:

γG = Qin
Qin +Qex

(5.1)

where Qin and Qex are respectively the yearly heat injected in the ground, and
yearly heat extracted from the ground. In the study-case considered extraction
and injection are performed only to cover the demand of heating and cooling of the
building. It is therefore useful defining a coefficient γB accounting for the balance
between the heating demand Eheat and the cooling demand Ecool.

γB = Ecool
Ecool + Eheat

(5.2)

The coefficient γG is an important indicator of the working condition of the borehole
field system and the parameters γB which depends only on the building envelope
characteristics is related to it. Hence, these two parameters are useful to put into
relation the behavior of a building model and the behavior of the borehole field
system.

5.1.4 Methodology for the exploration
The first step in the procedure utilized is defining an initial configuration by as-
signing a complete set of the necessary parameters to describe each component in
the system as done in section 5.1.2. Once the initial configuration is defined, the
space of configurations selected for further study is obtained from it by modifying
only a few selected parameters.

Given the general characteristics of the system discussed in section 5.1.1, the
building behavior is assumed to be independent from the GSHP behavior. Hence,
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a first parametric analysis is performed on the building simulated as a stand-alone
system. The parametric analysis done consists in simulating the performance of
building configurations obtained from the initial one by varying the values of wall
insulation and roof insulation. The results obtained are analyzed and a few config-
urations are selected according to their total energy demand Etot and the ratio γB .
The first one quantifies the performance of the building envelope, while the latter
one is an important indicator of the behavior of the GSHP system. The resulting
heating and cooling loads for the selected building configurations, are utilized as
input data for the GSHP model. The subset of borehole field configurations se-
lected for investigation are obtained by varying the number of boreholes and the
spacing between boreholes. The total electricity used by the heat pump and by the
circulation pumps is calculated for each configuration.

5.2 Results

Stockholm

Fig. 5.2 gives the results of a parametric analysis consisting in the simulation of
building envelope configurations obtained by varying roof insulation between 0.05
and 0.5 meters and by varying wall insulation between 0.05 and 0.8 meters. This
yields, for each configuration studied, the total energy required by the building
envelope every year, the amount of heating and cooling demand per year, and the
correspondent ratio γB that highlights if the loading condition is heating dominated
or cooling dominated.

The results shows that the total energy demand decreases as the insulation
degree increases. This is the consequence of a significant heating demand reduction
and of a mild cooling demand increase. For this reason, higher level of insulation of
both roof and walls, yields a greater balance between cooling and heating demand
reflected on a coefficient γB closer to 0.5.

The next step is the selection of two building envelope configurations for the
second part of the analysis among the ones examined in the first parametric study.
The first configuration chosen coincide with the one of the existing building, with
0.4 m of roof insulation and 0.05 m of wall insulation (marked with a red dot in fig.
5.2), and the second configuration is a highly insulated building with 0.6 meters of
roof insulation and 0.8 meters of walls insulations (marked with a green triangle in
fig. 5.2). The two loading conditions resulting from the selected building envelopes
are utilized as input data for the simulation of the GSHP system. A parametric
study is then performed on the borehole field system by simulating configurations
obtained by varying the number of boreholes between 10 and 30 and the spacing
between 4 and 20 meter, given the assumption of square pattern layout and borehole
depth equal to 100 meters. The results of this analysis, given in fig. 5.3, show how
the highly insulated building not only yields a much lower total energy use, but
also enables the utilization of lower spacing values reducing the amount of land use
required by the installation.
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Figure 5.3: Heating, cooling, total energy demand and balance index γB , for the considered
building simulated with the Stockholm climate.
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Figure 5.4: Effect of borehole field configuration on electricity consumed in the Stockholm
climate for two building configurations.
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Madrid

An equivalent analysis compared to the one just described regarding the Stockholm
case is carried out considering the same building configurations in the Madrid cli-
mate. The results for a parametric analysis of the building envelope and of the
borehole field are given respectively in fig. 5.5 and 5.6. In this case, the increase
in the insulation level of the building envelope yields to a lower energy demand
due to the reduction of the heating demand. As a consequence, for buildings with
higher insulation level, the energy need is almost coincident with the cooling need,
yielding a very unbalanced loading condition. Hence, as it is shown in fig. 5.6, for
moderately to highly insulated building envelope configurations, larger spacing val-
ues are required for the proper operation of the system compared to the Stockholm
case yielding greater footprint area required for the installation.

5.3 Concluding remarks

The integrated design of the system object of study in this chapter is an articulated
problem that requires a background knowledge both in building technology and in
shallow geothermal systems. A large amount of parameters affects the design of
these kind of systems, and testing all the possible configurations that a system can
assume is unfeasible.

In the approach utilized only a portion of the spectrum of the possible systems
configurations are investigated, and the exploration is focused on configurations
that are likely to be more effective. The selection of configurations, which is critical
for the final result, is based on the qualitative analysis of the components of the
system: by understanding the behavior of each sub-system from a qualitative stand-
point, it is possible to define criteria for the selection of the configurations that
might lead to better performance for the global system. Parametric analysis at a
component level is an important tool for this scope since it enables the analysis of
the influence of one or more parameter on the performance of a sub-system.

For the explored configurations, the performance of the global system are quan-
tified according to given criteria such as energy use, land use or cost. It is therefore
possible to identify a configuration that has the best performance among those in-
vestigated. Although the strategy proposed does not guarantee to find the optimal
configuration for the system, it can lead to improved design compared to methodolo-
gies where no effort is put into taking in consideration the effect of mutual relation
between the design of each sub-system.

Another beneficial aspect of this kind of analysis is that the exploration of a
set of configurations can help in gaining understanding on the relations between
components in the system and having a better system overview. Moreover, the
knowledge gained from a particular study can give insight on some general behaviors
and can then be useful for a wider range of problems if similar patterns are found.
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Figure 5.5: Heating, cooling, total energy demand and balance index γB , for the considered
building simulated with the Madrid climate.
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Figure 5.6: Effect of borehole field configuration on electricity consumed in the Madrid climate
for two building envelope configurations.





CHAPTER 6

Conclusions

This thesis work dealt with the thermal modeling of borehole field systems. The
study has focused on three research areas: the development of a model for the
description of the topology of networks of borehole heat exchagers (chapter 3), the
extension of the stacked finite lines approach developed by Cimmino et al. [2] to
calculate g-functions of borehole fields with arbitrarily oriented boreholes (chapter
4), and the development of a modeling strategy moving towards the integrated
design of systems using borehole fields (chapter 5).

6.1 Summary of the contributions

Chapter 3 introduced an approach for the modeling of borehole piping network
topology which allows to specify the connections between boreholes, and therefore
the path followed by the working fluid throughout the piping system. The key
point of the suggested modeling technique is that the distinct separation of the
various local thermal problems characterizing the system, and the use of a network
framework, provides respectively the necessary granularity and flexibility required
to model any possible borehole connections configuration. This is not possible with
standard software programs for the modeling of borehole fields which for the most
part considers only parallel configurations, and in general give very limited choices
regarding connections set up. The tool is important because it enables studying the
effect of strategies for managing the distribution of thermal energy fluxes within a
borehole storage system. This is crucial for the analysis of hybrid solutions where
the borehole thermal energy storage is utilized in combination with various external
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systems, i.e. solar collectors, heat pumps, cogenerative systems etc. Such systems
involve heat flows at different temperatures that might take place simultaneously,
and the ability of modeling in detail each single thermal flow is key to assess the
impact of a given design choice.

In chapter 4, the method introduced by Cimmino for the calculation of g-
functions of vertical borehole fields, which is based on representing the boreholes as
sets of stacked finite lines, was extended for cases where boreholes have arbitrary
orientation. This operation required a suitable mathematical description of the ge-
ometry of each of the finite lines constituing the boreholes discretization, and the
optimization of the computation of the reponse factors for couples of finite lines.
The optimization performed allowed to reduce the calculation time by more than
three orders of magnitude compared to a non-optimized case. This was key for the
practical applicability of the method. The ability of representing the orientation
of the boreholes improves the flexibility of the model and enables a more accurate
representation of the system.

Chapter 5 took a step back from the detailed modeling of the borehole field
of chapters 3 and 4, and looked at the system from a broader perspective. The
problem of adopting a feasible strategy for the integrated design of a system com-
posed by a borehole field, a heat pump, circulation pumps, building envelope and
an emission system was addressed. The investigation was limited to the mutual de-
pendencies between building envelope design and borehole field design. The method
utilized was based on parametric analysis and simulations, and allowed to explore
a subset of system’s configurations relevant for the overall energy performance. For
the explored configurations, the performance of the systems could be quantified
according to their energy use and land use. The study case investigated illustrates
that strategies based on parametric analysis are beneficial and, even though they
do not provide the optimal solution for a given problem, they certainly can lead
to improved solutions. A great benefit of the method is that the insights gained
in the exploration phase constitutes an important background knowledge regarding
components behaviors and mutual relationships between components. This is very
valuable to increase the know-how and define design patterns that are helpful for
narrowing down the set of configurations that can be effective for a given problem.

6.2 Future work

A method that has been utilized throughout this thesis work is the modeling of
borehole fields as stacked finite line sources. This approach has a great potential
for being used in the context of g-functions calculation as well as for the detailed
modeling of borehole system using network models.

The weakest point of this approach, in the current state, is its scalability. The
complexity of the algorithm required to model a borehole field system with a dis-
cretization consisting of n finite lines is O(n2). This can compromise the practical
feasibility of the model for problems where n is large, which is a common case in
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large borehole fields for storage applications. Hence, further studies are required
to introduce approaches for lowering the algorithm complexity, and improve the
scalability of the method.





APPENDIX A

Notation

A.1 Nomenclature

D distance between ground surface and borehole’s head (m)

Fo Fourier number αgt/rb2

H active borehole length (m)

Nl number of lines

Ns number of sources

Rb borehole thermal resistance (mKW−1)

T temperature (◦C)

T0 undisturbed ground temperature (◦C)

Tb borehole temperature (◦C)

α counterclockwise rotation around the y axis

αg ground thermal diffusivity (m2 s−1)

T̄f mean fluid temperature within a borehole (◦C)

β counterclockwise rotation around the z axis
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A
(c)
h heat balance matrix of a component

Ah heat balance matrix of the network

A(c)
m mass balance matrix of a component

Am mass balance matrix of the network

b
(c)
h right hand side vector for heat balance of a component

bh right hand side vector for heat balance of the network

b(c)
m right hand side vector for mass balance of a component

bm right hand side vector for mass balance of the network

x
(c)
h unknown vector for heat balance of a component

xh unknown vector for heat balance of the network

x(c)
m unknown vector for mass balance of a component

xm unknown vector for mass balance of the network

ṁ mass flow (kg/s)

γ finite line

θ temperature difference T−T0 (◦C)

θb temperature difference Tb − T0 (◦C)

g̃ji non-dimensional mean response temperature on γi caused by a uniform heat
injection on γj

~w direction of a finite line

g g-function for the boreholes field

h length of finite line

hj length of line γj (m)

kg ground thermal conductivity (W m−1 K−1)

q heat flux (W )

q′ heat flux per meter (W/m)

qtot total heat flux injected in the boreholes field (W )

rb borehole radius (m)

t time (s)

ts characteristic time of the boreholes field equal to H2/9αg (s)
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A.2 Acronyms

CS Infinite Cylindrical Source

DST Duct Storage Model

FFT Fast Fourier Transform

FLS Finite Line Source

GHEX Ground Heat Exchanger

GSHP Ground Source Heat Pump

ILS Infinite Line Source

SBM Superposition Borehole Model





APPENDIX B

Nonhistory-dependent formulation

B.1 Single borehole

Given a time discretization t1, · · · , tn, the borehole temperature Tb at a step tn is
usually calculated by means of the following equation:

Tb(tn)− T0 = 1
2πkg

n∑
k=1

∆q′(tk) g̃
( tn − tk

ts

)
(B.1)

∆q′k = q′k − q′k−1 (B.2)

where q′ is a piece-wise constant function representing the loading condition, and
g̃ is a non-dimensional temperature response to a unitary step heat injection.

Lamarche developed an approach, called nonhistory-dependent method [25],
that leads to equivalent results compared to eq. B.1. The method was firstly
derived for the particular case where g̃ is the step response to a cylindrical source,
and then generalized for any temperature response to step heat injection. The set of
equations necessary to express the borehole’s temperature using this methodology
is given in the following list:
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Tb(t̃n)− T0 = a q′(t̃n) + b(t̃n) (B.3)

a = 1
kg

Nk∑
k=1

(
1− ez

2
k∆t̃)u(zk)∆zk (B.4)

b(t̃n) = 1
kg

Nk∑
k=1

e−z
2
k∆t̃Fk(t̃n) (B.5)

u(z) = −2
√
z L−1

( g̃j,i
2π

)
(z) (B.6)

F (0, zk) = 0 (B.7)

F (t̃n + ∆t̃, zk) = e−z
2
k∆t̃ F (t̃n, zk) + (1− e−z

2
k∆t̃)u(zk)q′(t̃) (B.8)

t̃n = αgtn
r2
b

(B.9)

where L−1 is the inverse Laplace transform operator, ∆zk with k = 1, · · · , Nk are
the interval of a discretization of the interval [0, zmax], and zk with k = 1, · · · , Nk
are the respective mid-points at each interval. The suggested value of zmax accord-
ing to Lamarche is 30.

B.2 Multiple line sources

Given a discretization consisting of Ns finite lines, and a given set of loading condi-
tions applied to the discretization q′1(t), · · · , q′Ns(t), the temperature Ti on the line
i, at the time tn is given by the following set of equations:

Ti(t̃n)− T0 =
n∑
j=1

aj,i q
′
j(t̃n) + bi(t̃n) (B.10)

aj,i = 1
kg

Nk∑
k=1

(
1− ez

2
k∆t̃)uj,i(zk)∆zk (B.11)

bi(t̃) = 1
kg

Nk∑
k=1

e−z
2
k∆t̃Fk(t) (B.12)
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uj,i(z) = −2
√
z L−1

( g̃

2π

)
(z) (B.13)

Fi(0, zk) = 0 (B.14)

Fi(t+ ∆t, zk) = e−z
2
k∆t̃ Fi(t̃, zk) +

Ns∑
j=1

(1− e−z
2
k∆t̃)uj,i(zk)q′(t̃) (B.15)

t̃ = αgt

r2
b

(B.16)

where g̃ji with j, i = 1, · · · , Ns are non-dimensional mean temperature response
taking place on the line i of the discretization, given a uniform step heat injection
applied to the line j.
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